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Introduction to Forensic Statistics

Suppose someone breaks into a house and smashes a window in the process

Glass fragments from the scene of the crime and taken as evidence

A suspect is found will glass fragments stuck to his shoe

What’s the likelihood the fragments from the shoe and the fragments from the
scene of the crime came from the same window?

We need a model to calculate the likelihood ratio [1]

LR = f (eu1, eu2; θ)
f (eu1; θ)f (eu2; θ)

Estimates for θ are also needed

Hierarchical Sampling of Trace Elements as Evidence

Forensic evidence often arises from a hierarchical sampling process
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Because X ij is sampled from a hierarchical sampling process, X ij can be written as
the hierarchical random effects model [5],

X ij = ai + ϵij,

where

ai|Zi = k ∼ N(µk, Σ′

k) is the source sampled from the kth subpopulation
ϵij ∼ N(0, Σϵ) is the piece of evidence sampled from the ith within source
distribution
Σϵ is the within source covariance matrix

Note that X ij|Zi = k ∼ N(µk, Σk) where Σk = Σ′

k + Σϵ given X ij is in the kth

subpopulation. The question is how to estimate the parameters of the the GFMM

f (xij|Ψ) =
K∑

k=1
τkϕ(xij|µk, Σk)

Semi-Supervised Finite Mixture Model (SSFMM)

Fragments from the same window are known to have come from the same
subpopulation
We call these observation form a block
The SSFMM restricts the parameters space to only cases where observations
from the same block are in the same subpopulation
This modification occurs in the E‐step [4] of the expectation maximization
(EM) algorithm and gives the following result,

π̈ik =
τ̇

|Bb(i)|
k

∏
j∈Bb(i)

ϕ(xj|µk, Σk))∑K
k′=1 τ̇

|Bb(i)|
k′

∏
j∈Bb(i)

ϕ(xj|µk′, Σk′))
.

where

Bb(i) is the block containing the ith observation

TheM‐step remains unchanged from the EM algorithmwith normal Finite Mixture
Models.

Application to Trace Evidence

There are three approaches considered in this paper for estimating the parameters
of the GFMM.

GFMM Approach: Fits a GFMM using the EM algorithm using source means (using
mclust ’VVV’[6]) which provides an estimate for Σ̂

′

k

GFMM+CApproach: Add the estimatedwithin source covariance Σ̂ϵ to the estimate
Σ̂

′

k from the GFMM approach to get an estimate for Σ̂k

SSFMMApproach: The Semi‐supervised approach places the fragments into blocks
at which point the SSFMM is estimated

Comparison Method

We wish to compare these 3 methods and we will need a metric to compare.

The following comparison method will be employed

1. Create train/test splits were made by randomly removing one within source
observation from each source

2. Fit each model using the training dataset

3. The subpopulation membership is predicted for each observation the test dataset

4. The prediction it considered correct if the predicted membership is the same as
the membership of it’s source in the training dataset after fitting

5. The average classification accuracy is calculated

Comparison Simulation on Hierarchically Sampled Data

A large scale simulation was performed by generating random mixtures with MixSim
[3] and varying the following parameters

Number of components, K

Number of dimensions, p

Overlap
Within covariance scale
Number of between (nb) and within source samples (nw)

Application to Glass Data

The Zadora glass data set [1] consists of 200 window sources, each with 4 fragments,
measured 3 separate times.

The comparison method is performed 15 times on the Zadora glass dataset

K us unknown, thus K ∈ {2, 3, . . . , 22} is fitted
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It can be seen from the graph that the semi‐supervised approach outperforms the
unsupervised approach in term of prediction accuracy.
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