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IFTRODUCTION

For years the expression for the force per unit volume vhich
arises in a 1iQuid dielectric ae & result of an electric field hes been
a source of discuesion and controversy. Althcugh thie volume force,
cosonly cslled tae pondersotive force, wae diecovered long ego, eveu
today one person is likely to dieagree vith anotner om its nature.
Several different expreseioas for taie voluse force occur in the 1lit-
erature and, of tamee, two eeez to be wost promipent. These tvo ex-
pressions arise froa differeat hypotheses and, siace all attempte to
reduce one expreesion to the other have fuiled, they are taben to be
dietinct. Each of the expressions has had meny supporters. Consequently,
there hss bLedn auch theoretical work n vell as eome experiasentsl vork
concersing the topic of voluae forcee ix a liquid dielectric.

Altooygd the most receat vritere appsrently nsve diepelled muca
of the myetery vhich bhee long shrouded thie topic, some questions remain
unansvered. Noreover, eince the hietory of the topic reveals that some
controversies “epparently” have been settled seversl times, anyoune
acqusiated vith the history necessarily is skeptical regerding geoeral
Claime made by an autior that en issue is eettled. Tde topic vill re-
sain open for discuseion until there is a long period of videspread
scoeptance of a single nypothesis or point of view.

Therefore, the author of thie paper hae deewed it a vorth-while
project to copmstruct, from all the pertimeat literature availsble, @

hietory of the developmeats and murr}'la coantroversies conceraing this

-
)

topic along vith & large oumber of referencee to origianal vorke. An



interested person can gain from this history an appreciation of the
prodleas snd subtleties encountered in the esearci: for an acceptable
point of viev. Tue history also could serve as & starting point for
8 study of the topic.

I 1% vere poseible, it would be desirable to end the coatro-
versies which exist between the two expressions for the volume force
by devisiag an experiment which could estsblish the validity of one
expression spi disprove the other expreseion. The possibility of
accosplishing this is discussed in apother sectios of this paper ea-
titled TH: FrASIBILITY OF A DISCRIMINATING EXPPRIMINT. In this section
tvo thought experiments are analytically investigated ia detail, other
experimsnts are briefly discussed, eni geversl arguwents are csde frow
the resulte of these exparisents. The conclueions reacbed are in
agreewent vith the wost receant viewe on the tWpic.

A derivation of the Helaholt: volume fosce expressiou can be
found ia APFENDIX I. Tus wetbod employed to derive Wnis expression is
essentially that vhich cen be found in Clsseicsl ETlectricity and Meg-
ueties by Panofedy and Phillips (22).

A derivetion of the Xelvin voluse force expression can be found
ia APPFIDIX IXI. The wethod esployed to dsrive thie expresseion is essen-

tially that waich can Yo fouad 1o Jatredustory #lsCtrodynsaice For

_Bagiueers by Benuett and Crotkers (2).

3



HISTORY

The folloving is @ iilstory of tne importeant developwents snda
recurring controvereies concerning the volume force expressions of
Sir Williaa Thomson (Lord Kelviu) and Hermson von lelmboltz. The
nistory vas constructed prisarily from the literature cited in this
pasper, but xmiscellaneous eources vere used aleo. In m0st caees the
autbhor gathered the inforwAtion for thilse history from primery sourcee.
dovever, vhen these sourcee vere not avsilable reputable secondsry
sources were exployed. The nistory is comprehensive but not complete.

Tre phyeical concept of polerigzation in a dielectric seems to
bave originsted with Faraday (6) in 1837. Hovever, the asthematical
forsulation of thie ides was Dot ncco;iplil'ned until 184S wvien Lord
Kelvin (11) extenaed Poieeon's theory of uagnetic dipoles to the
analogous electrostatic case. Kelvin's hypothesis vas

3 . 1t eeems probable tnat a dielectric, eubjected to electricel
ianfluence, becoaes excited in such s manner that every portion of
it, however amsll, possesses E{eritx exactly snalogous to the
asgoetic polarity inducec in the substance of s piece of soft
iron under the influence of a magnet. (12, p. 32)
Because of its origin, this hypotheeie is often referred to in the
literature ss the Poisson-Kelvin hypothesis of polarization or, com-
wonly, the Kelvin hypothesis. It has led to s consistent theory of
dielectric polerization and to the prediction of s net voluwe force
vith a corresponding pressure for the case of an inhomogeneous electric
field or meaium. .

¥axvell was largely responeible for the esrly wathemstical

development of Fareudsy's invention, lines of induction. In his Trestise



on Electricity aad magnetism (17), Maxvell employed Faraday's linee of

inauction in the ustnematical forwulation of a theory of electrical
stress in media. He pointed out that, under the {nfluence of an electric
field, a dielectric existed in a state of streas which, for a perfect
dielectric, waa usintained es long as the charge distribution was
asintained. The =mathe.atical expression for this atress, in terme of
the electric field, agreed with the corresponding expreseion from
Kelvin's theory of polarization.

In 1880, Kortevey (13) proposed a new method of predicting an
electrostatic volusze force in a polarized dielectric. This sethod was
based on the relatively nev concept of conaervation of energy. In
1881, Selanoltz published "On the Forces Acting in the Interior of
Bodies Subjected to Msgnetic or Diele:tric Polarization” (9) In this
P8per he showed that it vas posaible, without waking any hypothesis
regarding the ianuer conatitution of the uatter, to determine the mechan-
lcal forcea acting in the interior of polarized bodies. Tnhe volume
force that this @ethod predicte ie comaonly referrei to as the Helwholte
voluwe force.

The theoretical discussions of the volu:ce force expressions
aroused the interest of an experimenter named Quincke (24, 25, 26) who
set out to Zemoastrate the exiatence of a voluwe force in a liquid
dielectric. 1In one sxperisent which He perforsed he lanersed the disks
of an absolute electrometer in a liquid dielectric and determined the
force acting on one of the disks. He assuxed that the voluae force

gsve rise to a hydrostatic pressure yaich produced a mechanical force

on the suspenied plate. From his measurements he coacluded that the



volugse force did exist and that, vithin the accurscy of the experisent,
the corresponding pressure could be calculated from the expression
given by Maxwell.

Another experiment vhich Quincke devieed vas intended to
deuonetrete the existence of a volume force perpendicular to the linse
of electric field. In this experiwent he placed tvo horisontal, closely
epaced, parellel plates ia & liquid dielectric. One aide of a glass
ssometer tube wes ettached to a hole in the upper plate at its center
end s =esns of increseing the eir preasure on this eide was provided.
The air preesure ves increaeed until an air bubbls wves formed between
the plates. After the air pressure vas noted, an electric field ves
established between the plates and it was found that the bubble tended
to decoms emeller. Quincke 1uterprcu:d thia as an indicetion of a
volume force transverse to the lines of electric fleld.

The theory according to Xelvia and the theory according to
Helubolts both predicted a volume force in a liguid dielectric, end
Quincke experimsstally dewcnstrated ite existeuce. However, tbe two
volume force expressions differed im form. When no one ves able to
reduce 0L expression to the other it vas sasumed by some that they
represented two distioct pointe of view, only ome of which could bve
correct. The nuserous controversial papers which have been published
exe & result of thie asassumption.

Pockels {23) published a peper tn 1893 1o vhich 18 supported
the Halabolts energy astaod of deriving the volume foszce expreesion

and presented the current views on the” method. He aleo gave a list

of referencas to clder litersture on the method.



A fev years later, J. Larwor (14) publiahed & crijique of the
lielabolts wethod in which be charged tbat this method vaa basically
unsound . In perticular he criticized Helaholtz for ismproperly per-
foraing & volume integration of the energy density. He contenied that
it vas illegitizate to perforas this operation ueing the uzetbod of
integration by parte. He also pointed out that the expression obtained
contradicted the corresponding expression given by Maxwell.

Some experimental work vwas carried out by Bouchet (3) in 1315.
This work consisted of using the volume force as a means of measuring
the dielectric constant of & liquid. The liguid vas placed in e
veasel of ebonite wvhose Lase consisted of s large bresa di{sk, and an-
otber large disk vas placed so that it could be meintained st an adjust-
able distaace above the surface of the liquid. Microscopic cbservations
of the field free surface were made exterior to the apparatus by means
of a glase tube passing througb tbe wall of the ebonite vessel and
inclined outside. ¥Wihen a field vas established Detween the brass disks
@ dieplacement of the meniscus in the glase tube was observed. This
displacemeat ves relsted to the pressure and, through the voluse force,
to the dieleotric constant. The experimsnt vas succesafial for some
liquide end for others it wase not.

Little meterial 4f controversial nsture vas published betveen
1906 and 1916. Bovever, in 1916, apperently after o direct redbuttal
to Larwor's criticisome bsd appesred, G’ H. Livens (15) seserted that
the Helaholts metod vas fuiiementally unsound. He essentislly re-

esphasised the criticisas of Laresor eafl iaplied that anothaer error

existed ia the method of Helmholts. He stated that Helabolte was



unjustified in equatiog the work done by tbe forcee sctiag on the
asterial element during ite displaceasnt to the chaage in esergy ia
the element of volume originally occupied by the elewment before its
displacessnt. This energy, he emphasised, vas not the same se the
energy of the moving element itself. He also generslised the method
of Helahglts to the ¢eae where no linear relationship existed betveen
the electric displacemsnt vector and the electric field vector and
shoved that this led to sbsurd results.

Livens again reneved the controversy in his textdook of 1918
(16). He reiterated the criticisms of Larmor and also his ovn earlier
criticies, but this time in more deteail. Thet he vas dieturbed over
the general acceptance of the methad of Kelaholts is obvious from this
statement conceraning his criticisa: ':m- criticism appears however
to have been entirely overlookei and Helalioltiz ‘s procedure is atill
tacitly accepted and reproduced by all recent vritere on the subject.”
(16, p. 187)

Bouchet (&) agein made 8 contribution fm 1921 by conductiag wmore
experimesntal research. This tiwe, for his apparstus ke ¢chose & rectan-
gular troygh, tvo walle of which were conducting platea and tvo walls
of which were glese. A nole ip the bottom of the epparatus Somxuanicetsd
vith a cepillary tubde which elloved hia to observe, in a field free
region, the =xeniscus of the liquid used. When e field wes setadlisnbed
in tbe liguid, the meniscus dropped in*the ¢spillsry tube, tiue indi-
cating & pressure change. However, for some liquide there wvas & cbsange

in the level of this semiscus vith tis® and a0 eccoumt for this change

could de wade. Thnis did Dot occur vhen an altermating field wvas used.



Only e month later, apparently after reviewing the experiment
performed by Bouchet, F. dichaud snd A. Balloul (20) published a paper
criticizing the exjerimental techniquea of Bouchet and desacribing aimi-
lar experisents which they had performed. By using s cylindrical
coddeneer vith an outside capillary tube thesy vere able to reproduce
their resulte accurately to within 0.2% and did not observe the ir-
regular fluctuation that Bouchet had ooted.

A paper ves published in 1922 in which the author, G. Gowy (7),
showed that the apperent reduction of ths real electrostatic forcea
vithin & liquid dielectric could be accounted for by considering the
action of the presaure which arieee from the electric voluae force.
The old sssumption that the real electrostatic forces varied vith the
dielectric cosstant thua could be dioc-ndad.

In his textbook published in 1941, Strattom (30, p. 146) made
the followiag coamgnts adout the criticieme that the Helaholts method
bsd received:

These criticiame, hovever, do ot appear to be vell founded.
ObJjections to the particular form of the energy integral
esployed by Helaholts are eatiefied by a more careful pro-
¢equre. Livens bhaa undertakesn s generalization of the energy
ssthod %0 medis in whieh the relation detveen 5 amd § ie non-
lioeer in order to show that it leads to abeurd resulte; in
00 doing he has omitted the esseatial tera seecciated vwith the

deformmtion. . . . There appeass t0 be little reason to doudt
that the energy msthod of Korteveg and Helmholtz (s fundamenially

oound .
Ia 1989, Bmith-White published a peper conceraniang these electric
volume force expresaions. In this p-po.r he argued that the Helaholts
asthod vas fundamentally unsound end that the Kelvin hypotheeia sbould

=
be adopted as a startiag point for a consiatent theory of electroetatics.



Tne paper cusr ed taat in tue Helmaultz sethod tne eneryy asaociated
wita a geformat:.vn of the dielectric waes :mproperly aseumed to be aa
energy funct.on expreeseible :in teras of tue courdinates of the systen.
In addition, the paper crnerged tiat, because of the wethod employed to
derive tiie Helmholts voluse force expression, t{1is expression could
nct de considered valid for deforsable dielectrics. In support of
t..e Kelvin nypotheais, Suith-White derived from tihe Kelvin veluue
force expreesion an expression vhicia he interpreted ae a fors of t.e
first lav of tohermodynamics as it would appear wuen applied to die-
lectric phencmmna.

Again, differeuces of opinion arose on this topic waen Cade (5)
publisued his views criticizing Smith-Wh.te's work. 8pecifically, he
criticized Smita-Wiite for using in m_c voluee force expression toe
maAcroecopie field :nsteasd of tine resultant field, sowetimes calle: the
local field or t sesclecular field. Saith-Waite (23), hovever, pub-
lished a letter concerpn.nug to:e cr.ticisam and expressed the opiaien
that tue criticise wes due to & m sunderstanding. of Suitu-White's
teory .

Zxperiisental advancements were m@ie ir 1943 by H. (reinacher (8).
Iin tbhet year e published two papere. The first paper concerned a
wothcu, similar to that used by L. Boucuet, of mseasuring dielectric
icons tante of liquids. OGreiaacher, nawo-ver, apparently iaproved the
experiwental uchnique neceesary for tivis asthod, since he wvas able to
obtain excellent results for msny liquids. #e alsec wvas able to demon-
strate the direct proportionality betyson the square of the field

strengto and the pregsure differeace wiiich developed becauge of the
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voluse force. In his second paper of thet yesr he described how he
used this pressure difference as an indicator for an electrostatic
voltaster. Eaneatially, the voltweter consisted of a capillary tube
placed betveen two perallel plates. When a field was established
betveen tbe two plstes, the meniscus of the liquid vhich was used in
the voltester reised in the capillary tube. By viewing tce wmeniscus
in the celib:rated capillary tude one could obtain a direct reeding of
the potential difference applied to the parellel plates.

Saith-White (29) published another paper oa the topic in 1952.
Some of the medy cleaied aad cuarges vhich he ipcluded in his psper
are mentioned here. He particularly empbasised that there exieted a
gensral misrepreeentation of the physical significesce of the Kelvin
hypothesie and that there vere widupx-%td wisconceptions coacerajng the
notion of ensrgy im electrical systews. In support of this statement,
be enphasised that the Xelvin voluae foice expression vas s Lypothesis
and derived from it an expreseion for the emergy in an electrical
aystes vhich vae consistent vith the first law of thereodypamics. In
eddi tion, he calculated the vork done in a deformation of a dielectric
end shoved bat the system wvas not conservative. Thus, he contended
that the Helaholts method was basically unsound because Lt assuned a
conservative eystem.

He also devoted some spece to criticizing perticulsr suthors
vho bad vrittexn on thie topic. He criticized De Domder for mot recog-
nieing thet one of his ovn expressions vas aot & potential energy fuaction.

He criticised Stratton and aleo Ahrupg- apd Beckar for taking an ensrgy

forauls to be generel when it was derived froa a particular cease. He
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criticised {orents for not recogaizing that his stress temsor suculd be
in symsetric form i{n order for it to be physically significent. He
also pointed out that, for the cese vhere the dielectric constact was
oot directly proportional to the density, the two distinct volume
force expressions predicted different preesures.
Ia 1953, P. ¥ssur and I. Prigogine (19) published & paper in

vhich they claimed taet there vas no resl basis for a coantroversy.
Tiwy interpreted the Relaholts ezmergy expression as the thermQynmasic
free onsrgy of tae system and derived froa it expressions for the total
endergy, the entropy, and the Helaholts volume force. They elso derived,
this time from Kelvin's volume force expreeaics, expreesions for the
thermodynamic free energy, the total epergy, and the eatropy. These
expressions were identical to the cor;.lﬁondin‘ expressions used in
the Helaholts metbod. Regerdiag this result, the authors mdie the
folloviag statement:

u maltat eseentiel de ce chspitre eat de moatrer le co-yhu

cquivulonco dea concoption- de Helmholtz et de Kolvin pour la

the neeaique des ALQMctrlqm- contreirsment 'a 1'opinion

expre par Saithibite. (19, p. 6)

Although they did not develop thie idee in their paper, they

implied thet the ey to the controvereial nature of this topic wvas
in the msnner ip which one separated into its constituent parts the
total electromgaoetic and pressure teneor associeted vith the volume
force. They elso mentionsd thet the Helmholtz method we velid oaly
for revereible pheacmens vwhereas the x;lvin expression could be
epplied to irreversidle phenomena. Bo direct snswere to Salth-White's

4

eriticisss vere wmede nor vee eny compesdt wade coacerning the comditions,



if any, uader whicn a liquid Jielectric mmay be coneidered a reversible
systeum. They did show, iiowever, that Cade's criticiem of SamitaMhite's
vork was unjustified, since both the agcroscopic field and the resultent
field yielded the sawe results.

Tue aost recent paper on the topic seewxs to be the oge published
by P. Mazur and S. R. De Groot (18) in 1996 in vhich they approach the
problew from & statistical wechmnical point of view. In this paper they
developed both the Kelvin and tue Helmholtz expressions for the voluxe
force and pointed out that the two cases corresponded to two different
vays of defining the pressure and tahe ponderomotive force., They also
pointed out that no matter how one chose to iefine the pressure the
sur of the negstive divergence of tune gresesure tensor and the ponder-
omotive force must remtin invariant. I{n addition, they commented that
the Kelvin expression had a wider range of validity eince it vas neces-
sary to sssuze etatistical egquilibriua in the derivation of tue Helmholtz
expsression.

Although textbooks aleso are divided on this topic, they usually
do rot discuss the c¢ontroversies. Probably this is because spsce cannot
be set aside for a specialined discuseion when a large amount of material
is to be covered. Sowe of tae textbook autsors who have aiopted Kelvin »
hypotbesis are Livens (16), Bennett and Crothers (2), and Page (21).

Soume authors vho seem to prefer the Helmholtz point of view are Jeans

(10), Abrahas and Becker (1), Stratton<3), and Panofeky and Phillips (22).



TH+ P'ASIBILITY OF A DISCRIMINATING TXP(RIMENT

It ise logical to suppose taat many attempts have been usde to
devise an experisent that could determine waich of the two distinct
expressions for the volume force wvae not in accordance vith experimental
observations. Obviously none of these attempts have succeeded since
euch an accomplishazent surely vould have been conspicuously published.
In thia section thought experiments with liquid dielectrice are in-
veatigated in an effort to discover vay such a discriminating experiment
baa never been devised. In the course of this investigetion the details
of the spatial variation in tne pressure of electrical origin are
revealed, pressure azeasuring schewes are very briefly discussed, and a
plauaible conclusion is reached regamding the feasibility of a discrimi-
nating experiment.

The KB ratioaslised systeam of units is used consistently through-
out this pmper. All syambols used in this paper are defined in Table I.
Derivations of the two ¢Oluze force expressions are located in tue

appendicea.
Experiment One

Consider an experisintal apgeratus siwilar to that eaployed by
L. Bouchet (see the section of the peper eotitled HISTORY) in 1921.
The apperstus is shovn echeuzmtically in Figure 1. It will be helpful
to identify the several points which .hnn been assigned e letter in
Figure 1. The point A bas been chosen as a point Juet above the lnter-

>
face betveen the liquid dielectric and air. The dielectric coastants

136168 §CUTH DAKOTA STATE COLLEGE UBRARY
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Table I
Definition of Symbols

. acceleration of gravity
¥ Rl unR $ = . .+ Charge density
y N ELTm L - « » dielectric constant
, displaceuent vector
. electricel pressure of Helmholts
. electrical pressure of Kelvin
. force on & dipole
gradient operator
. height of liquid coluan
¢ EUE g mscro‘éoplc electric field vector
f s s s s s s % s s = = . WBSS Jensity
+ + +« = » s+ « » . microscopic electric field vector
. wmoleculer dipole moment
. pernittivity of free space

. polerization vector

s s = + s+ = = s+ = = = « : thermodynsmic free energy
# = = = = = = = » virtual displecezent
s & % mow wos = os =ox = viPtuel 7el°c1ty

B OE R B R R & R R e volumc-force of Belmholtz
# % & s« = &« = = = «» volumesforce of Xelvin

A ber over s ayzbol jdenotes e vector guentity.
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Figure 1. Apparatﬁs for Experiment One
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of air and the liquid used are taken to be approximstely one and K
respectively. Directly below A is a transition region betwveen air and
liquid in wbich the density and dielectric constant change rapidly but
continuously with depth. The change can be considered continuous even
though the traneition region may be as small as one or two moclecular
diawmeters. 7This is so since the molecules of the dielectric will not
be arrangel in a definite row at the interface. There will exist
spaces vithin the dielectric very near the interface wkere wolecules
do not exiet, and alao there will be (z0Olecules projecting above the
interface into the air filled region. Therefore a continuous average
density is sensible. The point B ie identified &s a point Just below
A and Just belov the transition region. The point C is that point
belov 8 which marks tne end of the regic.m of homogeneous i'ield and the
beginning of tne fmhomogeneity in the field. Sowewhere between C ani
@ the field becomes honogeneous again and takes on the value gero.
The point @ is merely a point which ie below C and is ic a zero flela.
The point R is a point laterally displaced trow ¢ , and the point R
along vith all points on 8 line joining Q and R is in a field free
region. All of tne points directly above R are also in a field free
region. The point S is identified as a point just below the transition
region associated vith the air-dielectric interface. Juat above S and
the transition region is tpe point W,

Application of the Helmnoltz expressions Consider firet the application

of the Helaholtz expression to this pérticular case. Tnis expression ie

stated here as equation (1).
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F = _%ETh + &V(Epdk 1)
2 2 ( P&‘o) (

When an electric field is eetablished in the dielectric tue above force
acte. Sioce it ie kuovn experiwentally that the liquid cowmes to egui-
libriua, a aydrostatic pressure neceasarily develops to uaintain equi~
librium. This pressure is obviously related to the force Eby the

equation

F — VP =0 . 2)
Tois pressure snall be referred to as the preesure of electrical origin
or the electrical pressure in order to distinguish it frow the preseure
due to the gravitationsl field. The $um of the electrical pressure and
the gravitatioaoal pressure snall be called the resultant pressure.

A relationship betveen i and ( ie required since 5% aust be evalu-
ated. 8uch a relationship is tfound in the Clausiue-¥ossotti equation
and it vill be used here sioce it has been successfully applied to many
liquids. Because tais equation is often derived in textbooks (cf. 22,

P. 33) it merely vill be stated here.

K — | = (constent
— C ) o (3)

Differentiating equation (3) leads to the result

dk - (k=t)(kt1) .
de 3P

S.quations (1), (2), snd (4) mey be coinbined to give

(%)

FP==GE K+ %,”(_?[(K-I)(RH) E] .
2



It ie desirable to learn hov the electrical preasure varies
along tae line which connecta the points A,B,C, @, R, S, ana W.
Thie line will be called the path of integration and arbitrary poaitions
on it will be denoted by the syubol X. The electrical pressure associated
vith a particular point on this line vill be demoted by ez . If only
variations along the path of integration are coneidered equation (5) may

be revritten as
dP = — %Ez Ik + &, J[{K-J}(Kﬂ) Ez'] ; (6)
17}

Equation (6) way be integrated to give

{cpP:Px—&:‘I:"'Ia (7)
A
wvhere
x
2
I_‘L = —?[E s (8)
A
and

I

A
T, %{&[{m)(m:)ﬁzj . (9)

Toe integral I.‘L has the value

2
1'1 = -_é‘-‘e("’x"’)Ea (10)

for A X< B siace the boundary condition requiree thst the tangential
coaponent of the electric field vector“de continupus across a boundsry.
The notation "A< A< B “ genotes tuat X is located betveen A and 8 on

the path of integration.



For B < X< C tne integrsl I, becoues
8 A
I, = ﬁ_i_o_fsz&k - %fsu’k
A B

2
Il = —._g_g(h’s-f) EB

or

sioce K 18 zero forB<cx <@ .

For@® <A< @ the integiml IJ. becoues

e «
2 2
I :—,Q{E k-~ .ﬁfE Ik
& 2 /q 2 /e
or
2
I = —fz(“'a"-")Es
1 2

eince Jk is zexo for C< 2 < Q-

Por @ < X< W tze integral IJL becoies
X

<
r = -éf Ez‘ok - ..é.efez‘ﬂ‘/
t 2 /4 2/Q"
or
2
I:L = %(ks") EE

since the field has a zero value for <A< W.

The integral I, wey be evaluated simply as

I, =% (";-'))(ﬁ;-!-!) EZ

19

(11)

(22)

(13)

(18)

(15)

(16)

(17}

since the dielectric constant for aip tg taken to be approximately one.
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Tone results of the preceeding wmay be expressed in the folloving

form:
ZEz
FPor A<Xx< B Fk = ”’4 + %(Kx") 8 (18)
2
For B<x«cce A = F,’q + %"(Ks") E; (29)
For €<x<qQ P =P + %('Q*’)[(KBQ)Ej-ﬂE;] (20)
2
For Q( xX4w P}( = PA - %’(hb“‘) EB (21)

It will be instructive to plot these resulte on & greph so that
one can eee at a glance the details of the spatial veriation in electri-
cal pressure. KNecessarily, novever, the scale of this graph will be
grossly distorted since variations vill be plotted vhich take place in
a space of wolecular dimensions. This plot is wade in Figure 2.

Figure 2 shove that the electrical pressure rises sharply in
the transition region betveen A and 8 even though the field is constant
there. This sharp increase in pressure is due to the rapid increase in
dielectric constant. Betveen 8 and C the electrical pressure is =ain-
taiped at a fixed value since both the field and dielectric constant do
not change in this region. Because the field diminishes to zero some-
vhere betveen & and Q there is a correspond ing drop in electrical
preaaure in this region. Betveen @ and W the field is zero and thus
the electrical pressure is constant taere.

Also shovn in Figure 2 ie the n;gatill variation in gravitational
pressure. This pressure is obviously a linear functioa of the depth.

Because tne transition regions are of‘ solecular disensions no appreciable
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gravitational pressure change can arise there.

The resultant pressure is obtained by adding the ordinates of the
gravitational pressure and the electrical preseure. Since the points A
snd W are expoeed to atiospheric pressure tbhe resultent pressure st
these two points wust be the same. This requires that the liquid
levels adjust until s gravitationsl pressure difference P?R,il
maintained equal to the electrical pressure ilifference P, ~F, . Tnis

w8y be stated in equation fora.
‘a?& = P, — Ay (22)

It 18 clear that the apperatus of experiment one allows one to
deterzine experimentelly the electrical preesure difference & - PW and
check the Helmholtz volume force expression. This, of course, has been
done and the results vere in agreement with equation (21).

Application of the Kelvin expression. Coneider next the application of

tbe Kelvin expression to this eawe perticular case. The expression is
stated here as equation (23).

Fl= (k)T E (23

Thie voluae force likevise produces a hydrostatic pressure. Thus

F'_gp =0 (24)

or

VP = fzg(f(j/)-ffz - (25)
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If pressure varietions elony the jath of inteyration are desired

equation (25) may be revritten as

dp' = _g-z_.,(jf..;) j(sz)

and iategrated to give
A

/ / /
fcpp :qu'ﬁ‘% = I
A

= %f(k—/)J(E .

For A < X ¢ B the integral I becoumes

where

I = ©
eince Q(Ez) does not exiast betweez A and 8.
For B < x < @ the integral X becoaes

I = O

sioce r-Q(E-'2 ) does DOt exist between 8 and C.

For @ < X < @ tne integrsl I becomes

= o f (k) A(E) + <o (Ir-l) &)

= S )[Ex — &

=

since K 1s constant between @ snd Q@ anfé::cquall 56.

(26)

(27)

(28)

(29)

(30)

(31)

(32)



2y

For @ <X <W tne integrel I becoues

Q x
== 3 f 0] g flerdE)
25 ey -‘52—‘(*’3- /) E; (34)

2z
since Ex is zero in this region.

Tae 1esults of the preceding wsy be expressed in tne folloving

forms:
/ /

Yor Acx<B Py =Py (35)
/o

ror Bexce P =P (36)
/ /

For C <X <@ Pk = PA + gv(h;*l)[sff - E;] (37)
‘o 2

For @ <X <W h =P = gf('rs") £, (38)

Tneese results are shovn in Figure 3.

Figure 3 shows that, scconling to Kelvin's wethod, the electrical
pressure is constant between A 3nd © even though there is a change in
dielectric constant in this region. Betwveen C.on the inbowogeneous
field gives riss to a chsunge in electrical pressure, but froa Q to W
the electricsl pressure remmins fixed. The spatial variations in the
gravitationsl and resultant pressures are also shovn in Figure 3. 8ince
the resultant pressure at the sir-liquid interfaces must be atxospheric,
the 1liquid levels must adjust until a gravitatioasl pressure difference

/
e?& is mintained equal to toe electrical presaure cifference P‘ - Pw‘
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Thus, thie method tuo can be checked experiaentally by aerely wessuring
the height ’Rl‘

Toie thougnt experizent then cen be used to caneck thne valldity
of both volume fource expressions for this particular cese., The result,
however, ia toat the experiment does not settle any controversy. 71he

Helmnoltz method predicts from equation (21)

2
=R = & (kg~1) Eg - (39)
The corresponding equation (38) of the Kelvin method predicts
/ / 2

Toe right-nsnd meabers of equstions (39) end (40) are identicesl. ‘ihere-
fore, for the pressure difference that one is able to measure using thie
apperatus the two methods predict tne seme velue even though Figures 2

and 3 indicate differeant pressure varietions. Tuie experiment fails as

a discrizinating experiment.
Experiment Two

Por this experiment en eppaxstus is chosen similar to taat
employed by L. Bouchet (see tue section of this peper entitled HISTORY)
in 1915. Tnie apperatus is shovn schemstically in Figure 4. The letters
A, R, S, suad Ware used to deaote points eiamilar to correspoading points
in Figure 1.

Since the spatisl verietion in electyiceal pressure vas inveotiyated

in detail for experiment one a aetailed investigation will not be presented
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for experiaent tvo. Such an ianvestigation would reveal a sp&tiel veria-
tion in electrical pressure similar to that already diecuseed.

Application of tne Helmnoltz expression. Cacosing Was tae value of X

in equation (8), one caa write

Bz 1 w
I, =—fg[js di +f£zlk +f52c9k] (41)
S
vhica reduces to
B 2
I = - ﬁg[E dk (42)
1 2 A

since cpk does not exist betwveen B and S aund Eldoel not exist betveen S
and W. Uesing the boundary condition tust the poruml cowponent of the

dieplecewgnt vector xust be continuous acroes a*bounu.ry, one cen write

B
I:-sgé‘:k:[é’ﬁ (43)
2z Z 4 K2
vhicn can be integiated to give
2
I = - §Z£ ky(ks~!) E5 . (uh)

Sisilarly, the integrsl IZ uay be evaluated as

Iz = 0 L83)

[4 .
siace £ " does not exist at wand K hae the valué ocne at A. The desired

result is thus

&

2
Py~ F, =%K3(k8~:)58 . (46)
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Tnie electrical pressure difference i3 equel to a gravitetional pressure
difference (Jatqz end is subJject to experisental messurement since J{Z cen
be deterained.

Applicetion of tue Kelviu exgression. In spplying Kelvia's expression

to tnis case oge wust evaluste the integral L of equation (28) with X

equal to W,

8 S 2 w ,
I = %{A( ~r)a?(E7) +fB(K-l)c9(E) +£(k—/)£(f)] (¥7)

Tne third term of the right-bead vember of tnis equation venishea since

2
‘p(E)doel not exist betveea S and W The second term may be integrastea

i 2
f(K“ E) = —;-9(‘(3"") Eg - (48)
Tne firat tera can be vritten as

8 B
2 2 -
gﬁg(/(—/)a?(e) = = & E, g(.%ﬂ Lk (49)

after applying tne boundary cond:tion

directly to g.ve

Ex = Ea (50)
K

quation (49) can be integratea to give

8 2 2.2
__é_,;(;(_,) j(g‘) 6 (f(s-l) Az = - i’(lrg- ) EB - (51)
2 /) B e
‘‘he integréel I nov msy be written es

2
T = -_g_gka(l\/g"‘f) E8 (52)
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and the desired result ies

/ / 2
A R (ky-1)Eg - (53)

The right-hsnd weabers of equations (46) and (53) are jidentical.
Tous for thie experiaent the twvo sethode predict tne same result for
the electrical pressure differsnce wnich one is able to mseaaure witn the

apperatus. Thie experisent, too, feile aa a discriwineting experiment.
Other Experimente

Of course, any paper auet be restricted in lts length. For tuis
reason all of the various experiments which have been conaidered in tne
preparation of this paper cannot be discussed in detail. However, a
fev brief comzente conceraing the other experiments vhich vere coneiiered
will be made.

In experisent one the electric field vector vas tangent to the
liquid-air interface and in experiuent tvo the electric field vector
vaa ooraal to the liquid-air interface. The more general caae in which
toe electric field vector makes an arbitrary angle vith the liquid-air
interface vas consiidered., Hovever, oo nev inforuation vae gsthered froz
this apetial arrengesent. Toe electric field vector vas resolved into
a norusl and a tangential cosponent, and the wethods used in experiments
one and twvo were applied. The electrical pressyre difference determined
in thie case was equal to the sus of tne rigont-nsad menbers of equations
(#0) and (k6).

in adaition to the variation of the spetial relationship betveen

thie electric field vector and the liquid-alr {nterface, consideration



vas gisren to different scnemes for =rasuring pressure differences.
Quiocke's schewes (see the section of this paper entitled HISTORY),
which involved an absolute electrometer ani en air bubble between two
parallel plates, were considerea aund rejected since they failed to
discriminate betveen the two volume force expressions. A U-tube which
could be introduced at various locatious within a ligquid dielectric
apd vhich employed either a flexible membrane or an air bubble vas
considered. This, too, vas rejected because it failed to discrimiaate
betveen the tvo volume force expressions. A Cartesian diver vaa also
rejected for thie reason. In short, tne usual scheses of xeasuring
preasure differences seem to fail to discrimipate betveen the two vol-

upe force expressions.



32

CONCLUSIONS

After studying the topic and considering the results of the
thought experisents, the author has developed the opinion that any
further attewpt on his part to devise a diecrimioeting experiment would
be fruitless. Moreover, he finpds it aifficult to imagine that any
basically different experiment could be devieed to macroscopically
distinguish between the two voluze force expresaions. This, bhowever,
is only an opinion baaed on the following erguments and obviously the
results of the preceding section are not conclusive evidence that a
discrininating experiaent is infeasible.

Consider the Figures 2 ani 3 again. These.grapns desonstrete
the details of the spatial variation in electrical pressure in a liguia
dielectric. Tney also indicate taat the tvo volume force expressions
predict 2ifferent pressures at the saae location. In fact they indicate
that, if an apparatus could be devised to measure the electrical pres-
sure difference betveen A and 8 or the electrical pressure difference
vetween 8 and W, tais apparmtus truly could distinguish between the
tvo expressions. Howvever, such an apparatus would have to be especislly
ingenious, since it would be required tc measure a pressure Jdifference
voich vas mmintained acrose a spce of aolecular dimensions. Noreover,
the “usual" pressure mesauring devices are inherently doowed to failure
eince they disturb the very quantity which they attempt to weasure.
Specifically, they introduce int tne region in wnich one ie interested
an interface which changee tae pressure froa what existed before tae

device ves present. This change is Juet sufficient to allow tue results
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of the application of the tvo volume force expressions to be identical.

It vould seem then that no experisental distinction on 8 macro-
scopic acsle can be mmde between the tvo voluwe force expressions. In
otaer vords, it appeara to the autnor tuat oo real physicsl distinction
exists betveen the volume forces of Kelvin end Helaholtz, but that the
twvo expressions actually correapona to compatible pointe of view on tne

topic of electrical pondercowmotive forces in 8 liguid dielsctric.
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DISCUSSION

Toe Figures 2 and 3 shov that the electrical pressure associeted
with the tvo expressions mist be defined aifferently if one adopts the
point of viev thst the two expressions ere compatible. This 1e apjerent
also from equstions (2) andi (24) since the voluase force expressions are
distinct. FEquations (2) and (24) also point out that the sua of the
voluse force and the negative divergence of the pressure suset be invari-
ant. Aaqong other things, this essentially was what Mazur, Prigogine,
and De Groot (18, 19) pointed out.

Aleo, Masur and De Groot (18) implied thet one reason the two
expressions differed ves because of the existence $f siort-range and
long-range forces betveen molecules. Poesibly this accounts for the
difference in pressure variation in the trsnsition region between A and
8 of Figures 1 and 4. Thus, the results of this paper seem to be in
agreewment vith the most recent papers on the topic.

It is vorth-while to coazent that further experisental inveeti-
gation could be carried out on a microscopic scale in the transition
region mentioned above. It appears thet, if a distinction betveen the
tvo voluwe force expressions can be maie, it is likely to be wmade in

this region.
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SUMMARY

included in thie peper {e & compsrehensive history of tue devel-
opments and recurring controvereies concerming two distinct expressions
for tue force per unit voluse wvhich arises in a liquid dielectric as a
result of eo electric field. Tne tvo expressiocas hesr the names of tie
tvo perecvas most reeponsidle for their early developaent, Helaholis ani
Kelvin.

The feusidbility of devieing an experiment which could end the
controversies of thie topic is diecussed. The Heleholt: and the Xelvin
volume force expreesione are applied to two tbought experiments im an
effort to discover if these experiwents could discrisinste bstveen the
tvo expressions. The two experimeats fail ss discrimineting experiments,
but ia the course of the inveetigation of the experiasnte the detsile of
the epatial variations in preesure in the experimentsl apperatus ere
revealed. Other possible discrimimatizig experiments are briefly con-
sidered but these aleo fail. The results of thess considerations seeun

to indicate that @ discrisinating experisent is not feasible.
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APPERDIX I

The voluwme force expreesion of Helsmlhioltz is based on the hypothesis
that the following voluie integral represents the slectrical enmergy stored

in a dielectric:
£ =g f EeD dr (5%)

It ie interpreted as being the theraodynsmic free energy of the asystea.

8ince free energy represents the msxiuya vork that can be obtainpey
from a eystex under iaotheraml conditions, one o8y apply the principle of
virtusl vork to equation (54) provided the isothermal condition is zet.
This means thet, if the dielectric 1o question is surrounded by a aeat
bath to fix the temperature, the variation in free energy associeted
with a virtual displacement of a tiny volusae P of dielectric 1e equal
to the negative of the work done by the electricsl volume force E This

can be expreseed as
o F =—IE'-_5§A’ ; (55)

therefore, the time rate at vhich free energy is lost fros the systes
is equal toc the rate at wiich vork ie done.
4F . - f Fe W &r (56)
At -
Here Wt represents the virtual velocity of the unit voluse underg@oing
the virtual displaceasnt
Operations will be wade on equation (Sk) until it is i{in tne form
-

&,
of a volune integral of a dot product of the virtual velocity and
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another vector. This other vector then can be iaentified as the elec-
trical volume force since the virtual displacezent and consequently
the virtual velocity are completely arbitrary.

Conaider the variation
gz ) .
SF--Z"S[E b &~ (57)
If B':eokf-f, then

(58)

_
=5

= 2—’6"[[1)25(-;-)& +f# ) Dzd&f] : (59)

If the discuseion is restricted to the cese where (3"10 gerc end

or

/
o varietion in P is alloved, then

SDz = O (60)

since
/ R T — =
5(" = §VeD =VesD (61)
Equation (59) oov may be vritten as

SF = 7 [B(4) sk = Zs,fgzg;ma,, (62

or

c:pF éfz
_— = - Kk 2= (63)
T -,Z?E%_Eaﬂ.r s
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It stiould be pointed out that 3_5 represents the timse rate of change of
dielectric constant due only to the change in stste of the dielectric
associated with the virtual diaplacement.

It will be assuzed that the dielectric constant can be expressed

as 8 function of the density only.

K= #(p) (64)

Tone density, hovever, is a function of other variables. Ordinsrily the
deneity would be a function only of the coordinates, uy;z,y, &ndsz.
However, if one considers a virtual displsceacsnt and a correspondiag
virtual velocity the density ia not only & function of the coordinates
but also a function of time explicitly sand iaplicitly, Tiis is so since
the deformation of tkhe dielectric changee the denuityqof the voluwme
element considered and in addition, the codrdinates of this voluse ele-

aent change with tiae. This mey be stated mathesstically.

P =eErdH) (65)

with

A =X (2, %) ; ‘3’=3’(fJuyf)j 3-=3(¢ “3,) * (66 a80)
Sisilaerly _
k=K &y, 3,¢) - (67)

It is required to fima how K and thus © varies vith time explicit-

ly. When auch functionality exists as aefined by equestona (65), (66),
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and (67), the time rate of change of O is called the eubstential deriva-

tive. It eshall be given the symbolD_ .

Y
.D_.E - p) éx 3 d d (68)
ot 5%74'5‘;5 y d %515 +3%
or
Dp = VpeX + 32 . 6
3? = P Nz (69)
Similarly
Dk = v e % + 2'_(. .
F \"s ¥ T: (70)

It is desirable to express the second terzs Of the right-hand

member of equetion (70) in terwe of the density. The yelationsenip

ok~ Ik D (T1)
AL Z(; Sf :
way be used with equation (70) to give
..a_K - ka [6 oi-‘-éﬂ")—._’{.‘a— - (72)
at ap € 3¢ ¥
Coaservation of mass requires tuost
a _ ™~ -O U 3
S§ — \% ( e ) (73)

vhich leada to

ak — v o— - —' u v U

T = jl{:[v(o n -V ‘ouJ..Vk:u - (7W)
The identity

Toon) = TR D
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say be employed to give

%_l% -_-__j{gpﬁ'.a ~UK. 3% . (76)
P

.quation (63) nov mmy be vritten in the fors

at arp 2

One umy employ an identity similsr in form to equation (75) to vwrite

/Echkpwu‘cv fV (chk(au (7(555 .u:ﬁv (78)

The first right-band member of equation (78) may be transforwed to a

surface integral end vwritten ae
? —
[Edom- 8 =0 - -
s de€

e
since € diminishes as the inverse fourtn pover and A increases ae the
square pover of the distance from the chesrges producing E to the elexent

of aree &Z Finally, equation (77) =may ©e written as

&F_éf[,_: I v(E‘che] Y

Froa equation (56) this identifies £ vith

F = -ggszﬁm_egv(szikp) RCY
2 -3 de



APPERDIX II

Tne voluwse force expreesion of Lord Kelvin is based on the
bypotnesis that, under the action of an cutaide charge distribution,
the wolecules of 8 dielectric become polarized. It is assuwed also that,
if the wolecules already possess a perwanent digole moment, the imposed
electric field creates an average allighnisent of these dipoles in the
direction of the field.

iIf the electric field {s wacroecopically inhowogeneous or if
the medius iteelf is innozogeneous there will be a net force acting on
eech dipole wvhere this inhomggeneity exists. Tbe expression for this
force can be derived from the folloving arguaenta.

Consider s region in a dielectric »edium vhicﬂ'containa many
aclecules of the dielectric and wnich is lsrge enough 30 that a
statistical average of the space variations and the tize variations
of the aicroecopic field zbn wesniadg but wbich is sa:mll enough so
88 not to be considered uacroscopicslly large. Van Vleck (31) xefers
to such a region as a "physically ewell” region and proves that in it
the wsacroscopic field Eio equal to the spmEce-time average of the
sicroscopic field e. Tnerefore, one may treat this region as a con-
tinuuxs in so far ss the macroscopic observables electric field and
polarization are comcerned.

fach dipole in such a region will be acted on by an average force

=

given by

£f=§f-vE - (82)



by

where f is the dipole :owent of the dipole. The force per unit voluue

F averaged over this region is therefore given by
/ — == —
F = P-VE (83)

vhere Pil the average dipole moment per unit voluae or cosmonly the
-

polarization. The force F of equation (83) {s called the voluwe

force or the ponderomotive force due to Kelvin.

Equation (83) oay be written in & more restricted form. In the

case vhere Pic directly proportional to E, the following substitution

a2y be oade forf;:
P = ¢ (K-1)E (84)

The result of this sudbstitution is

/

F - £ (85)

(o]
f\
o
Nl
M
<
m)

The vector identity,

- - - SEP R — 2
(VXE)YE = E-VE ~-__1_VE

1
o

i

(86)

velid for any electrostatic case, my be eaployed to give

-/

F = %(K—')EE’“ : (87)
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