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ABSTRACT

DEVELOPMENT OF A PROBABILISTIC MULTI-CLASS MODEL SELECTION
ALGORITHM FOR HIGH-DIMENSIONAL AND COMPLEX DATA

MADELINE AUSDEMORE
2021

The development of quantifiable measures of uncertainty in forensic conclu-
sions has resulted in the debut of several ad-hoc methods for approximating the weight
of evidence (WoE). In particular, forensic researchers have attempted to use similar-
ity measures, or scores, to approximate the weight of evidence characterized by high-
dimensional and complex data.

Score-based methods have been proposed to approximate the WoE for numerous
evidence types (e.g., fingerprints, handwriting, inks, voice analysis). In general, score-
based methods consider the score as a projection onto the real line. For example, the
score-based likelihood ratio evaluates and compares the likelihoods of a score calculated
between two objects in two density functions, based on sampling distributions of the
score under two mutually exclusive propositions. Other score-based methods have been
proposed [6, 7, 31, 82], which do not rely on such a ratio.

This dissertation focuses on a class of kernel-based algorithms that fall in the
latter group of score-based methods, and introduces a model that serves to complete
the class of kernel-based algorithms initiated under NIJ Awards 2009-DN-BX-K234
and 2015-R2-CX-0028, which addressed the “outlier detection” and “common source”
problems, by proposing a fully probabilistic model for addressing the “specific source”
problem. This “specific source” problem is addressed in three progressive models: first,
the problem is addressed for a pair of fixed sources; next, the two-class model is ex-
tended to consider multiple fixed sources; finally, a kernel-based model selection algo-
rithm 1s developed to consider a single fixed source juxtaposed with multiple random
sources.

This class of algorithms relates pairs of high-dimensional, complex objects
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through a kernel function to obtain a vector of within-source and between-source scores,
and capitalizes on the variability that exists within and between these sets of scores. The
model makes no assumptions about the type or dimension of data to which it can be ap-
plied, and can be tailored to any type of data by modifying the kernel function at the core
of the model. In addition, this algorithm provides a naturally probabilistic, multi-class,
and compact alternative to current kernel-based pattern recognition methods such as
support vector machines, relevance vector machines, and approximate Bayesian com-

putation methods.



Part 1

Introduction



OVERVIEW OF PART I: INTRODUCTION

The following chapters serve to review the background information that is rele-
vant to reading and understanding the various aspects of this dissertation. Definitions,
propositions, and theorems that may be useful as points of reference throughout the
dissertation are highlighted in grey.

Chapter 1 presents the reader with the fundamentals of kernel theory. In partic-
ular, it introduces the development of kernel theory, starting with the first mentions of
the kernel in the early 1900s, and moves to discuss the properties of the kernel func-
tions used in today’s pattern recognition and machine learning algorithms. Together,
the information considered in this chapter allows for understanding the development
and resulting implications of the class of algorithms discussed, developed and tested
throughout this proposal.

Chapter 2 provides a brief overview of the different frameworks, methods, and
models used to quantify the weight of forensic evidence to bring to light the novelty and
necessity of the proposed algorithm. In addition, this chapter discusses the set of models
that laid the groundwork for the class of algorithms developed in this proposal. These
algorithms are of particular importance in that each builds off of the previous to allow
for developing the final model presented in this proposal. Together, the information
considered in this chapter allows for pondering, discussing, and addressing the problem

at hand.



Chapter 1

KERNEL METHODS

To facilitate later conversation surrounding the various models overviewed in
Chapter 2, we will review the relevant concepts underlying the theory of kernel func-
tions. In particular, this chapter will discuss the origin and first use of kernel functions,
will present the properties of kernels and how these properties can be leveraged in dif-

ferent scenarios, and will define several types of kernel functions.

1.1 DEVELOPMENT OF KERNEL THEORY

The discussion of kernel functions first began in 1904 with the publication of
David Hilbert’s paper [32] on integral equations (English translation available from
Stewart [80]). In his development, he defines a continuous symmetric function  (x, '),

which will be referred to as a kernel function.

Definition 1 (Hilbert’s Kernel Function) Consider the following measure,

k: XXX —R,

(x, ') — k(x, '),

where, given two observations, x and X', k returns a real number that describes

the similarity of the two objects. We call the function, k, a kernel function.

While Hilbert assumed that the function £ was continuous and symmetric, in
1909, James Mercer [45, 89] refined the set of kernel functions to include those func-
tions which are continuous, symmetric, and “of positive type” (e.g., positive semi-

definite). In particular, he showed that functions of this type are able to be represented



as inner products in another space.

Theorem 1 (Mercer’s Theorem) A continuous, symmetric function r (x, ') in

Ly(C) has an expansion
k(@ x') =) Mex(@)er(a)
k=1
if and only if
/ / k(z,x") g(x)g(x')dxdx' >0
cJo
forall g € Ly(C), where {ey, (x)}, is an orthonormal basis of C with correspond-

ing eigenvalues { A}, > 0, C'is a compact subset of R", and g is a function that
satisfies [ g*(u)du < oo).

In plain terms, this theorem tells us that any continuous, symmetric, positive
semi-definite function x(x, x’) is guaranteed to have a representation as an inner prod-
uct in some (not necessarily known) higher dimensional feature space. These higher
dimensional feature spaces, in which the concept of the dot product exists, are called
Hilbert spaces (see Capinski and Kopp [15] for a more in-depth discussion). We can

use this notion to more formally define the concept of a kernel function.

Definition 2 (Mercer’s Kernel Function) Define the mapping of an observation

from its original space X to some Hilbert space H by a function ¢, such that

o: X—H
x — o(x).

Then the kernel function describing the similarity between two objects x and x' is

given by

where (-, -) is the inner product, or dot product, between two vectors.

In 1964, Aizerman, Braverman, and Rozonoer [3] extended the results of Mer-

cer’s work to the context of machine learning algorithms. In particular, they replaced



the “potential function” (i.e., kernel function) in their algorithm with the inner prod-
uct taken in the “linearization space” (i.e., Hilbert space) to prove that their method of
potential functions converged to the linear perceptron algorithm (a supervised binary
classification algorithm in a linear space), developed by Rosenblatt in 1958 [69]. By
realizing the algorithmic implications of Mercer’s theorem, they paved the way for what
is certainly a paramount notion in kernel theory, the aptly named kernel trick (see [12,

33, 65, 91] for alternative definitions).

Proposition 1 (The Kernel Trick) Consider a linear algorithm that is expressed
in terms of inner products. By replacing each inner product with some kernel

function, the algorithm can be executed entirely in the feature space associated

with the considered kernel function without ever visiting that feature space.

This “kernel trick” eschews the need to identify the feature space, project the ob-
servations into this feature space, and compute their inner product in this feature space.
Given that the sought after feature space may very well be of infinite dimensionality (as
is the case with the feature space associated with the Gaussian kernel), forgoing these
calculations is certainly advantageous. Finally, the kernel trick allows for easily devel-
oping new models by replacing one kernel function with another. This is particularly
convenient for applying a given classification or regression model to different types and
dimensions of data.

Although the concept of replacing inner products with their kernel representa-
tions was realized in 1964, the first formal use of this mechanism to design new al-
gorithms did not occur until 1992. In their work, Boser, Guyon, and Vapnik [13] use
kernel functions to extend the results of the Generalized Portrait Method [88] to nonlin-
ear spaces to develop the Support Vector Machine (SVM). This algorithm maximizes
the margin between training data and a decision boundary to obtain the optimal sepa-
rating hyperplane in the feature space. In their development, Boser, Guyon, and Vap-
nik consider various kernel functions. In particular, they consider Radial Basis Kernel
Functions and Polynomial Kernel functions (the forms of these kernels, and others, can

be found in Section 1.2). Although the initial development of SVMs can be traced back



to the theoretical developments associated with the introduction of statistical learning
theory [87, 88], the work by Boser, Guyon, and Vapnik [13] introduced SVMs in their
current form. In 1995, Cortes and Vapnik [17] extended the results of Boser, Guyon,
and Vapnik [13] by introducing a soft-margin classifier, which allows for considering
misclassified points. Other kernel-based algorithms include kernel principal compo-
nent analysis [75, 76], kernel Fisher discriminant analysis [8, 48, 70], and probabilisitic
SVMs (i.e., Relevance Vector Machines) [85].

The introduction of the SVM laid the foundation for the future of kernel re-
search: in the the past twenty years, researchers have focused on generalizing and ex-
tending the theoretical components of SVMs (e.g., [24, 57, 77-79, 81, 89]); developed
tricks for implementation (e.g., [17, 25, 36, 63, 89]); and applied SVMs to various fields
of research (e.g., [37, 40, 41, 73]).

1.1.1 SUPPORT VECTOR MACHINES: A CLOSER LOOK

SVMs laid the foundation for developing pattern recognition techniques, and
are still considered to be cutting-edge in the fields of pattern recognition and machine
learning. Because they remain a fundamental tool for pattern recognition, we will use
this method as a basis for comparing the effectiveness of the models introduced in this
proposal, and so we use this section to describe SVMs in more detail (for a more in-
depth development, see [89]). We will also use this section to discuss some of the
limitations of SVMs, which are addressed by the models considered in this proposal.

Consider a hyperplane that exists in some inner product space, #, that is defined

by f(z) = 0, where

f(z) = (w,¢(2)) + b, (1.1)

w is a vector that is orthogonal to the hyperplane, ¢ (z) is the input vector z projected
into the Hilbert space H, and b € R is a bias. Several methods have been proposed
that allow for distinguishing between two classes of observations by defining some hy-

perplane that separates their projections into H. For example, Vapnik and Lerner [88],



and Vapnik and Chervonenkis [86, 87] proposed the Generalized Portrait Method, a
learning algorithm for linearly separable problems. Boser, Guyon, and Vapnik [13] ex-
tended this algorithm to apply to nonlinear problems. Cortes and Vapnik [17] extended
the concept behind these hard margin classifiers to account for points that may be mis-
classified in their soft margin classifier. Though subtly different in their construction,
these algorithms are all based on two fundamental notions relating to the concept of the

margin:

Definition 3 (Margin) The margin is defined as the distance from the separating
hyperplane to the point that lies closest to this hyperplane.

(1) Given a set of hyperplanes that are able to separate some data, there exists an opti-
mal hyperplane that separates the data such that the margin is maximized. Mathe-

matically, this optimal hyperplane is the solution of

max min{||¢(z) — ¢ (x;)|| | ¢(x) € H, (w,¢(2))+b=0,ie{l,...,0}}.

weH,beR

That is, given a fixed feature-space transformation ¢(x) € H, we want to choose b
and w such that the minimum distance of any observation ¢(x;) in the training set

from the hyperplane defined by the points ¢(z) is maximized.

(2) The VC dimension of the set of separating hyperplanes decreases as the margin
increases'. The VC dimension is defined as the cardinality of the largest set of
points that can be arranged such that a decision function, f, shatters the points?.
The VC dimension of the set of separating hyperplanes is less than or equal to
n + 1, where n is the dimension of the space [90]. The VC dimension of a set

of functions is responsible for the generalisability of the model. More specifically,

'In particular, the set of hyperplanes is restricted to lying within the area between its closest
points on either side. Consider two points belonging to separate classes. As the distance between
these points increases, the number of potential hyperplanes that may be drawn between them
also increases.

2Consider a set of m points with labels 1. There exists, at most, 2™ ways to separate the
data. If the set of separating hyperplanes is able to realize each of these 2™ separations, then
the set of functions shatters the m points. For example, a set of m = 3 points in R? is able to
be shattered by the set of separating hyperplanes, but a set of m > 3 points is not able to be
shattered by this set of separating hyperplanes. Thus, the VC dimension of the set of separating
hyperplanes in R? is 3.



when the VC dimension is small relative to the number of parameters, the machine
becomes more generalisable. Thus, by maximizing the margin, we are effectively
defining the most generalisable learning machine for the considered set of training

data.

The hyperplane which maximizes the margin can be defined by solving a straightfor-

ward quadratic optimization problem.

1.1.1.1  HARD MARGIN SVMs

We begin by considering the development of the hard margin classifier. This
classifier is ideal for situations in which the considered data are completely linearly
separable in some feature space. In particular, it assumes that all points can be correctly
classified. The development of this classifier will allow us to discuss in more detail
the shortfalls of SVMs and how these shortcomings can be addressed by the models
proposed in this dissertation.

In the hard-margin classification problem, we are interested in hyperplanes of
the form (1.1) for which y; f(x;) > 0, Vi. That is, for a given object, the true class,
y; € +1, and the predicted class, f(x;), are of the same sign, and so the point has

been correctly classified. We can use (1.1) to define the distance of a point x; to the

hyperplane by
[|wl] [|wl]
Using (1.2), the maximum margin solution is then found by solving
1 .
argmax {W min [y; ((w, ¢ (x;)) + b)]} . (1.3)
w,b g

Without loss of generality, we can rescale w and b so that the point closest to the hyper-

plane satisfies

yi ((w, ¢ (3)) +b) =1,



and all other points satisfy

yi [(w, ¢ (x;)) —b] > 1, i€ {1,...,0}. (1.4)

We call this representation the canonical hyperplane.

Definition 4 (Canonical Hyperplane) The canonical hyperplane is defined such
that the minimum distance between any observation, ¢(x1), . .., ¢(x,) and the hy-
perplane defined according to (1.1) by (w,b) € H x R is given by the value
1/||lw||. Mathematically, this consists of ensuring that the hyperplane given by
(w, b) satisfies

~min _ [(w, ¢(x;)) + b = 1.

By construction, there will always be at least one point for which (1.4) is true,
and, upon maximizing the margin, there will be at least two points for which (1.4) is
true (i.e., there will exist at least one observation lying on either side of the hyperplane
whose projection onto the hyperplane has length 1). By defining this constraint, the op-
timization problem in (1.3) requires only that we maximize ||w]|~!, which is equivalent

to solving
1 9
argm1n§HwH .
w

To solve this quadratic optimization problem, we can introduce the Lagrange

multipliers, ; > 0 for each observation ¢(x;), i € {1,...,¢}. Then, rather than at-

tempt to minimize 1||w||?, we can instead define and minimize the Lagrangian, £ (w, b, cv),

L(w,b o) = %HwH2 - Za {vi (w, ¢ (i) +b) — 1} (1.5)

Minimizing (1.5) is equivalent to minimizing %||'w 2, since the terms «; are defined

such that the additional term, >'_ a; {y; ((w, ¢ (x;)) + b) — 1}, is equal to zero. In

particular, if ¢ (x;) lies on the margin, then the term inside the brackets is equal to zero,
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and the value of «; is irrelevant. If ¢ (x;) lies outside of the margin, then «; is equal to
Zero.

So, instead of starting from scratch with 3||w||?, in which we know nothing
about w, we can consider £ (w, b, ), which permits us to use differentiation tech-
niques so that we can consider the minimum value of ||w|| with respect to our observa-
tions, ¢(x;), and their known labels, y;. We thus proceed by applying a basic calculus
technique, in which we calculate the derivative of (1.5) with respect to the unknown

parameters, w and b, and set each of these derivatives equal to zero, such that

9 —w— 3 i (z) =0 = w=Y_ qyd (), (1.6)

¢

We can now define the dual problem, in which we re-write the original Lagrangian in
(1.5) using the constraints (1.6) and (1.7) that allow for identifying the optimal w, such
that

Lt ¢ 4
Z(a) = %Z Z aiai’yiyi’¢(wi)l¢(mi’) - Zai {yz <<Z ai’yi'¢($i')7¢(wi)> + b) - 1}
i=1

i=14'=1

4 14
%Zzaiai/yiyi/ <¢( ’L ’ ZO&L {yz (Z O/z’yz Ty 7¢(-’13'L)> +b> — 1}

1=11=1 =1

_ Z Z CEzOlz’yzyz’ z a Z QY <Z al/yl ([;Z + b) + Z o

i=14'=1

L £ L L
5 Z Z Q0 YilYir K xz;wz Z Z Q0 YilYi K mumz + bzazyz + Zaz
=1 =1

i=114=1 1=11=1

14

I
= ;ZZ 0 YiYir K a:z,a;l +ZO‘Z (1~8)

i=1

Examining (1.8), we see that we are able to obtain a function that is free of the unknown
parameters w and b, and that does not require defining the function ¢, and so allows for
directly working with the original observations ;.

Furthermore, by defining the following constraints, we can use quadratic pro-

gramming to solve (1.8), and define the optimal hyperplane using (1.12):

(1) a; > 0: this constraint follows from our original assumption used to define (1.5);
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(2) yif(x;) — 1 > 0: If an observation lies on the margin, then y; f(x;) = 1, and so
the assumption is fulfilled. Likewise, if the observation lies outside of the margin,

then y; f(x;) > 1, and the assumption is fulfilled;

(3) a; (yif(x;) — 1) = 0: if the observation lies on the margin, the assumption is

fulfilled by (2); if the observation lies outside of the margin, then a; = 0.

Thus, for every observation, either a; = 0, or y; f(x;) = 1. We define the points for
which «; # 0 to be support vectors, and denote this set using S. We use the set of
points, S, for two purposes. First, we use the results of (1.6) to completely define the

projection of any observation x;, onto w using only o, and the set of support vectors

S, such that

(p(xir), w) = Z QiR (T, ;) - (1.9)

€S
Thus, we have eliminated the need to identify w in the feature space. Second, we can

define our bias term, b. By noting that any support vector x; € S satisfies y; f(x) = 1,

it follows that

Yir (Z ik (T, T;) + b) =1,

€S

and so, by solving for b, we obtain

1
b = —— Oéiyiﬁ(mi/,wi)
Yir Z

i€S
= Y~ Z ik (T, @) (1.10)
icS
since y; = +1, V&, € S. However, to get a more robust estimate of b, we can consider

the average of (1.10) across all support vectors, such that

1

i'ES

(yi’ - Z%‘yﬂf (%u%)) ) (1.11)

€S

where #S is the cardinality of S, and thus is the number of support vectors in S. Thus,
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by defining the Lagrangian as in (1.8), we can effectively define the optimal hyperplane,
(w, b), that separates a set of observations x; without explicitly defining ¢.
Finally, we can use (1.6) to define the predicted class of an observation ;. In

particular, we consider that

flai) = (o(xp), w) +b

= <¢(m;‘k’)>zaiyi¢(mi)> +b

i€S

= Y s (dla), o) + b

i€S

€S
Again, we see that we are working only with the original observations, x;, ;, and do

not need to consider the projection of the data into some feature space.

1.1.1.2  SOFT MARGIN SVMs

In the case where we consider the soft margin classifier, which allows for the
potential of misclassifying points, we follow the same procedure described above for

the hard margin classifier. However, rather than minimize %H'w| 2, we seek to maximize

the margin while penalizing points that lie on the wrong side of the optimal hyperplane.
To achieve this, we introduce a slack variable, &;, for each observation: we define §; = 0
for correctly classified observations that lie on or outside the margin; 0 < §; < 1 for
observations that lie within the margin on the correct side of the decision boundary; and
& > 1 for observations that are misclassified. This slack variable can be thought of
as a correction term, and we can interpret its value as a function of how far an obser-
vation would need to be moved so that it would be correctly classified. Furthermore,

Zle &; can be considered to be an upper bound on the number of misclassified points.
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Incorporating this condition, we thus seek to minimize

¢
1 2
5wl +CZ;&” (1.13)
subject to the constraint
vif (o(zi)) > 1§, (1.14)

where the term C' > 0 controls the trade-off between the penalty induced by the slack
variable and the margin. The optimization of (1.13) follows the same process as that of

(1.3) for the hard margin optimization, outlined above.

1.1.1.3 LIMITATIONS OF SVMs

The development of hard- and soft-margin SVMs (see, e.g., [13, 17, 86-88])
redefined the way in which the classification of objects is approached. Not only is
the development relatively straightforward, but it also ensures that the best separation
is achieved for the considered data given the considered kernel, and thus ensures a
higher probability of correct classification for future observations. Finally, this class
of algorithms is compelling in that it is not restricted by the type or size of the data.
The use of kernel functions allows any type of data to be considered, regardless of the
dimensionality, quality, or quantity of the data.

These algorithms, however, are susceptible to several shortcomings. First, train-
ing the hard- or soft-margin SVMs may require a large amount of data that is not readily
available to the scientist, as is the case in intelligence and forensic scenarios. It is of-
tentimes the case that the intelligence officer or forensic examiner may have only a
limited number of control observations (in fact, it is not uncommon for an investigation
to have as few as three reference objects that may be used for inferring the source of an
unknown object). In such scenarios, the generalizability of SVMs trained on too few
samples is questionable.

Second, these algorithms do not enjoy a natural extension to the multi-class sce-
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nario: while multi-class versions of these algorithms do exist, they partition the space
in such a way that the entirety of the space is not accounted for, and the resulting infer-
ence may be affected as a result. For example, consider two extensions of the SVM to a
three-class scenario, as portrayed in Figure 1.1. These two classifiers attempt to identify
three regions into which an observation may be classified. However, Figure 1.1 demon-
strates that this is not possible without creating an enigmatic fourth region. Clearly, we

run into troubles whenever an observation is made inside this region.

R2

R1

Figure 1.1: Ambiguous regions induced by extending SVMs to multi-class scenarios.
Left: Two hyperplanes are used to discriminate objects into three classes. Right: Three
hyperplanes are used to discriminate objects into three classes.

Finally, these algorithms do not allow for probabilistic output. While the rele-
vance vector machine does allow for probabilistic output, it suffers from a complex de-
sign and lengthy training period, and, like its deterministic counterpart, lacks a straight-
forward extension to the multi-class scenario. The models proposed in Parts II and III

of this dissertation address these issues.

1.2 PROPERTIES AND VARIATIONS OF KERNELS

In this section we discuss the properties and variations of kernel functions used
in the types of algorithms described above. In Section 1.1, we noted that any continuous,
symmetric, positive semi-definite function, , is a viable kernel that may be used in any
kernel-based algorithm. Given this valid kernel, we can construct new kernels using

this kernel as a base.
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We begin by defining some kernels that arise from the basic definition of a
kernel function (Definition 2): given a kernel function x (z,z') = ¢(x) o(x') =
(¢p(x),p(x')), we can define a valid kernel by identifying a new function ¢’ in the

context of the original function ¢. For example, we can define

where f is any function. Similarly, we can define

W () = 2T Ad
— 2TA2 Ay
() (a)
= o(x)" ¢(x)
= (¢(=), o(2")),

where A is a symmetric, positive-definite matrix, and the function ¢ = A'/2z. These
particular examples arise from the basic properties of an inner product.

We can define an even larger class of kernels by considering the closure proper-
ties of kernel functions. Specifically, we can show that any function that is a product or

sum of a set of valid kernels is itself a valid kernel [12, 33]. Proofs of these properties

can be found in [9].
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Proposition 2 (Closure Properties of Positive Semi-Definite Kernels) Consider
that k;, i € {1,..., N} are positive definite kernels mapping from X; x X; to R,

where X; is a nonempty set. Then

a k(ax,x") = lim,,_,o K, (&, T") exists for all x, x', then k is a positive definite
(a) [ ! 1 ! t 1l ' th p definit.

kernel;
(b) If a; > 0, then Zfil o s a positive definite kernel;
(c¢) The point-wise product, Hfil Kq, 1S a positive definite kernel;
(d) The tensor product k; Rk, is a positive definite kernel on (X; X X)X (X; x Xy);
(e) The direct sum k; @ Ky is a positive definite kernel on (X; X Xy) x (X; x Xy).

These are the only functions that preserve positive definiteness. Note that, by con-
sidering closure properties (d) and (e) simultaneously, kernels can be defined as

functions of other kernels.

Using the closure properties defined above, we can construct variations of some of the
more popular kernels that are frequently used in various machine learning algorithms.
Consider that k1 and k9 are valid kernels in X x X. Then the following are also valid

kernels on (as defined above in Proposition 2):
(i) cky (x, 2'): satisfied by closure property (b), where ¢ € R;
(i) Ki(x, ') + Ko(x, ) satisfied by closure property (b);
(iii) k1(x,x')ko(x, 2'): satisfied by closure property (c);

(iv) q (k1 (z, a')): satisfied by closure properties (b) and (c), where ¢ is a polynomial

with nonnegative coefficients;
(v) exp (k1 (x,2')): satisfied by closure properties (a), (b), and (¢);

(Vi) Ko (@4, x)) Ko (2, )): satisfied by closure property (d), where © = (x,, x;), and

the functions k, and «; are valid kernel functions over X, x X, and X}, x A};

(Vil) Ko (24, ) + Kb (0, ) satisfied by closure property (e), where © = (x4, ),

and the functions x, and k; are valid kernel functions over X, x X, and &}, x A};
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(viii) f(d(x,x')): satisfied by closure properties (a) and (b), where f is a function on

R, and d is a metric on X. ;

The kernel given by (viii) is called a stationary kernel [74]. These types of kernels al-
low us to explicitly consider the distance between any two observations, or between an
observation and a central point of interest. The class of stationary kernels can be further
restricted to define a class of radial basis function kernels, which consider the magni-
tude of the distance between two observations. Table 1.1 provides several examples of

radial basis function kernels.

Definition 5 (Stationary Kernel) A stationary kernel is a function that relies on
the distance between the observations x, x'. These kernels are invariant to trans-

lations in the input space.

Definition 6 (Radial Basis Function Kernel) A radial basis function kernel is a
function that relies on the magnitude of the distance between the observations x,
x'. These kernels are a subset of the set of stationary kernels, and so are also

translation invariant.

Kernel Name Kernel Form

Gaussian Kernel exp{—||x — x'||*/o?}, where 0% € RT
Exponential Kernel exp{—||z — «'||/20?}, where ¢ € R*
Laplacian Kernel exp {—||x — «'||/o}, where o € R
Power Kernel —||z — ='||?, where d € N

Log Kernel —log (|| — 2'[|*), where d € N
Gaussian Spectral — cos (2mul|lx — '||) exp (—2720?| |z — x'||?), where
Kernel € R, and 0% € R+

Cauchy Kernel (1+o072||x —«/||)"", where 02 € RT
Student T Kernel (1 + ||z — az’||d)_1, where d € N
Mahalanobis V(i —a)E1(z— ), where I is a
Kernel positive definite matrix

Table 1.1: Examples of Radial Basis Function Kernels
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Chapter 2

QUANTIFYING THE WEIGHT OF FORENSIC EVIDENCE

Since the institutionalization of modern scientific techniques in criminal investi-
gations in the late 19th century, there has been interest in using statistical techniques to
support the inferences made on sets of forensic evidence (see [83] for a comprehensive
review). From the introduction of the first identification system by Alphonse Bertillon
in 1886 [10], it was only a matter of years before probabilities were being reported in
court [19], and, in 1904, a move towards Bayesian reasoning was proposed [83].

For the better part of a century, legal and scientific scholars have widely ad-
vocated for the use of Bayesian reasoning in handling the uncertainty associated with
determining the source of a piece of forensic evidence [2, 23]. At the core of Bayesian
reasoning lies the Bayes factor, which allows for updating the prior beliefs surrounding
two competing propositions about the source of the evidence. Given two competing
propositions, H, and H,', regarding the source of a piece of evidence, z,, a Bayes
factor can be assigned, in which the likelihoods under the two propositions, given by
f(+), are compared. In the case where the parameters are known and certain, it is not
necessary to integrate over these parameter spaces, and a likelihood ratio may be con-
sidered instead. Ommen and Saunders [58] show that the Bayes factor converges to the

true likelihood ratio as the amount of available information increases.

19, and H4 are typically used by the legal and forensic science communities to represent the
prosecution and defense propositions. Traditionally, the prosecution will take some stance as to
how a piece of evidence is believed to have been generated, while the defense will claim that the
evidence could have been generated by other means. These thought patterns are reflected by
‘H, and H4, respectively.
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Definition 7 (Bayes Factor) The Bayes factor takes the form

f / (xu‘ﬂ, Hp) dll (Q‘/Hp)

B = T F (@l Ha) L ()

where f(-) is the likelihood of observing the evidence, S is a vector of parameters,
IT is a probability measure over the parameter spaces of (), and the uncertainty of
the parameters under H,, and H, is accounted for by integrating over the parame-

ter space.

Definition 8 (Likelihood Ratio) The likelihood ratio takes the form

f (xU|Q()7HP)

LR =""F"—"""",
f(13u|90,7'fd)

where Qg denotes the set of known parameters.

It is important to note that the Bayes factor is not an intrinsic property of the
evidence in itself, and that there is no true or universal Bayes factor for a given piece
of evidence. Surely, different weights will be assigned to the same evidence if differ-
ent propositions are considered. Moreover, even if a fixed pair of alternative propo-
sitions is considered, different scientists may assign different weights based on their
personal handling of the available evidentiary material. For example, the evidence may
be characterized using different types of features or measured using different analyt-
ical techniques (e.g., glass fragments may be characterized by their refractive index,
by their elemental composition, or by their chemical structure), the data may be sum-
marized or organized in different ways (e.g., while Neumann, Evett, and Skerrett [50]
describe a method to characterize the spatial relationships between fingerprint minutiae
using triangles, and then use these triangles to assign probability distributions to the
minutiae constellations, it is certainly possible to characterize the spatial relationships
between minutiae in many other ways), or different assumptions may be used to model
the distributions of the measured characteristics (e.g., given a set of observations, one
scientist may elect to rely on normality assumptions, while another scientist may elect

to consider a non-parametric model).
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It is apparent that there exists an element of subjectivity is assigning the weight
of evidence. Indeed, a probability can represent the degree of belief of an individual
regarding some event (see, e.g., [30, 34, 35, 42, 72]). Nevertheless, the subjectivity of
the resulting weights of evidence is not meant to suggest or justify that probability can
be arbitrarily assigned, or that it reflects sloppy thinking [42, 84]. Personal probabilities
must be coherent (e.g., self-consistent, free of inherent contradictions, do not impose a
guaranteed loss [66, 68]) and follow the ordinary axioms of probability.

Updating prior beliefs using the Bayes factor or likelihood ratio allows for ob-
taining posterior beliefs about the source of a piece of evidence. These posterior beliefs
are probabilistic in nature, and do not equate to categorical decisions. However, by us-
ing a loss function, these posterior probabilities can be used to reach a conclusion. This
process is described in the forensic context by Biedermann, Bozza, and Taroni [11].
Proponents of Bayesian reasoning argue that this path is the only logical and coherent
process that exists for making inferences and updating personal beliefs in forensic sci-
ence. They do, however, go on to argue that, in casework, forensic scientists do not
possess the information that would allow them to assign prior beliefs to the considered
propositions, and so they should limit themselves to reporting only the Bayes factor,
and leave the triers of fact (e.g., jurors, judges) to complete the remainder of the infer-
ence process. The challenge for forensic scientists, therefore, lies in assigning Bayes
factors to various types of evidence (e.g., fibres, paints, dust, footwear impressions,

fingerprints, tool marks).

2.1 TWO FRAMEWORKS FOR ASSIGNING THE WEIGHT OF EVIDENCE

Ommen, Saunders, and Neumann [59] describe two classes of problems in
which a forensic scientist may be tasked to assign a Bayes factor: an examiner may op-
erate within the context of the “common source” framework; or he may operate within
the context of the “specific source” framework. Each of these frameworks is particular
to its set of circumstances, and results in a specific Bayes factor. The next two sections

serve to explain these frameworks. See Neumann and Ausdemore [49] for a comparison
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of these frameworks via a simple simulation scenario.

2.1.1 THE COMMON SOURCE FRAMEWORK

In the common source framework, the examiner evaluates whether it is likely
that two pieces of forensic evidence have originated from the same source or from

different sources, without formally specifying which sources are considered.

Definition 9 (Common Source Framework) In the common source framework,
the forensic examiner aims to make inference on the source of two sets of trace
samples, X,, and X,,, to determine if they originate from a common, but un-
known, source. This context considers the following pair of propositions:

Hpos Xy, and X, originate from a common, but unknown, source;

Haos : Xy, and X, originate from two different, but unknown, sources.

In this scenario, the true source of each piece of evidence is considered to be a random

source from a population of potential sources. Under H the source of the two pieces

pcs»
of evidence is the same random source, while under H,_, the two pieces of evidence
correspond to their own distinct random sources.

As an example of this scenario, Neumann and Ausdemore [49] consider a simple
univariate setting to explore some of the properties of this likelihood ratio. In particular,

they define a pair of generative models using hierarchical random effects models, such

that
Ty, = p+di +ur, where dy ~ N (0,03) and uy ~ N (0,07) ; 1)
Tyy = p+ do + up, where dy ~ N (0,07) and up ~ N (0,07)) '
where 1 is the mean of the population of potential sources, d; and ds are random effects
due to the sources, and u; and u5 are random effects due to objects within sources.
Consider that we have observed two sets of red automotive paint chips at two
different crime scenes, and that we are interested in determining if these two sets of
red paint chips originated from the same car (which remains unidentified), or if they

originated from two different cars in the population of potential cars. In this scenario,

1 represents the mean of the distribution of the characteristics of the paint of all cars in
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the population; d; and d, represent the deviations between the overall mean of the pop-
ulation, u, and the characteristics of the unknown first and second sources of red paint;
and u, and uy are random effects that affect the final presentation of the characteristics
of the paint chips that result from the two different transfers of paint. The random ef-
fects u; and ue may be distinct since the transfer of the two evidentiary objects x,, and
x,, may be affected by different sets of factors. For example, consider that two differ-
ent sections on the car were damaged (for example, the hood of the car, and the rear
bumper). It is likely that the paint in these two locations exhibit different characteristics
(e.g., there may exist subtle changes in the paint due to varied sun exposure at these two
locations on the car).

Under ‘H the two pieces of evidence originate from the same unknown

pcs»
source, and so d; = ds. However, given that the paint chips may have been transferred
under varying conditions, it is not necessarily true that 051 = 032. Under H,4, the two
pieces of evidence originate from two different, but unknown, sources, and so d; # ds.
Furthermore, given that x,, and z,, did not originate from the same source, they are
independent. Given the above generative models, the joint distributions of z,,, and z,,

under H,,, and H,,, are distributed according to a Multivariate Normal distribution,

pcs

and are respectively given by

2, 2 2
Ty u o;+ o, o
s ~ MVN N 4 :
Ty ,u o2 o5+ 02,
(2.2)
2, 2
T I o5+ o, 0
| Haos ~ MVN 0
Ty w 0 05+ 02,

Taking the view that forensic evidence must be evaluated within a Bayesian paradigm,
the weight of evidence should be quantified using a Bayes factor (or, when parameters
are known, using a likelihood ratio). The common source likelihood ratio takes the

form

f(xUquleOa/HPcs) _ f(xU1vxu2|QO7HPcs)

LRes = _ _
s f(xulvxw‘ﬂo?%dcs) f(xu1|QO7HdCS)f(xu2|/Hdcs)

(2.3)
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2.1.2  THE SPECIFIC SOURCE FRAMEWORK

In the specific source framework, the examiner evaluates whether it is likely that

a piece of forensic evidence has originated from a particular known source.

Definition 10 (Specific Source Framework) In the specific source framework, the
forensic examiner aims to make inference on the source of a set of trace samples
X, to determine if it originates from the specified known source that produced a set
of control material X . This context considers the following pair of propositions:

H,ss o X, originates from the known source that produced X;
Hass Xy originates from an unknown source, different from the source

that produced X .

In this scenario, the source that produced the control material is identified and so can

be considered fixed. Under H the source that produced the evidence is considered

Pss»
to be the source that produced the control material, while under H,, the source that
produced x, is unknown, and is considered to be a random source from a population
of potential sources, different from the undisputed source that produced the control
material.

As in the common source scenario, Neumann and Ausdemore [49] consider
a simple univariate setting to explore some of the properties of this likelihood ratio.
However, in the specific source scenario, the generative models differ depending on

whether H,,., or H, is considered. Under H,,., when the evidence originates from

pPss»
the same source as the considered control material, the generative models take the form

of two simple random effects models, such that

Ty = pa+u, where u ~ N (0,02); 2.4
2.4

Ts = pa+ s, where s~ N (0,07),

where 114 represents the mean for the considered specific source, and v and s are random

effects corresponding to the trace and control samples.
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Under H,,, the generative model for the control material is the same as under
H, (indeed, there is no dispute that x, originates from the considered known source!);
however, the generative model for the trace material is now given by a hierarchical
random effects model to reflect that the true source of z,, is unknown in a population of

potential sources. Thus, under H,, the generative models are given by

2y, = p+d+uwhered ~ N (0,07), andu~ N (0,02); 2.5)
2.5

Ts = jig + S, where s NN(O,Ug) ;

where p is the mean of the population of potential sources, d is a random effect due
to the unknown source, and s and w are random effects corresponding to the trace and
control samples.

Consider that we have now observed a single set of red automotive paint chips.
In this scenario, we are interested in determining if this set of paint chips originated
from a particular car, from which we have observed a control sample. In this scenario,
11q represents the mean of the distribution of the characteristics of the considered car;
1 represents the mean of the distribution of the characteristics of all cars in the popula-
tion; d represents the deviation between the overall mean of the population, y, and the
characteristics of the unknown car; and v and s are random effects that affect the final
presentation of the characteristics of the paint chips that result from the two different
transfers of paint.

Under H the trace and control materials are independent, given p4y. Under

pss»
Ha, ., the trace and control materials are independent since they are not from the same
source. Given the above generative models for the specific source scenario, the joint dis-

tributions of z,, and x; under H,,., and H, are distributed according to a Multivariate
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Normal distribution, and are respectively given by

2
Ty, 1 o, 0
Moo e MUN | [T );
0

T hd 0 03
(2.6)
2 2
Ty s o5+ o,
Hags ~ MVN N
Tg Hd 0 0-3

As in the common source framework, the weight of evidence should be quantified using
a Bayes factor (or, when the parameters are known, using a likelihood ratio). The

specific source likelihood ratio takes the form

f(‘ru?x5|QO7HPSS) _ f(xU|QO7HPSS)

LRsg = = )
o5 f(xu7x8|9077_ldss) f(xu|QU>Hdss)

(2.7)

2.1.3 COMPARING THE TWO FRAMEWORKS

It is important to note that the Bayes factors that result from the common source
and specific source frameworks in (2.3) and (2.7) are indeed different, even when the
same information is considered, and thus lead to different interpretations of the results
of forensic examinations.

Neumann and Ausdemore [49] show that the likelihood ratios in (2.3) and (2.7)
converge only when the variance of the source of either z,, or z,, in (2.3) and the
variance of the suspect in (2.7) are negligible; otherwise, substituting one framework
for the other is inappropriate. This assumption is satisfied in very few scenarios. Figure
1 in [49] is reproduced as Figure 2.1 below. These experiments demonstrate that the
likelihood ratios of the common and specific source scenarios are undeniably different!

Regardless of the context in which the examiner is operating, it is critical that the
resulting Bayes factor be relevant to the scenario at hand, and be appropriately defined
for the evidence being considered. In the vast majority of cases, the interests of the

criminal justice system fall under the span of the specific source scenario, and the aim
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of this thesis is to develop a probabilistic model for this context. This is not to say that
the common source scenario is not relevant. Indeed, determining whether two pieces
of evidence were made by the same unknown source may be pertinent to intelligence
investigations which aim to connect multiple crime scenes. Armstrong [5] develops
a useful kernel-based model for making inference on the source of two sets of trace

objects under the common source scenario.
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Figure 2.1: Convergence of the common source likelihood ratio to the specific source
likelihood ratio. Columns: the left column reports the results when z, and xs have
been sampled under H,; the right column reports the results when xz, and z, have
been sampled under Hg ;. Rows: (a) the source of the control object is common in the
population and has some variance; (b) the source of the control object is rare in the
population and has some variance; (¢) the source of the control objects is common and
has virtually no variance.
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2.2 A SCORE-BASED APPROACH

While forensic scientists have been assigning Bayes factors to simple forms of
forensic evidence (e.g., single DNA profiles) for many years, only anecdotal attempts
have been made to assign Bayes factors to complex forms of forensic evidence (e.g.,
handwriting evidence, fingerprint evidence). Assigning Bayes factors to complex forms
of evidence requires defining reasonable and appropriate likelihood functions to repre-
sent the joint distributions of heterogeneous and high-dimensional feature vectors. Un-
fortunately, it is often impossible to assign probability measures for these sorts of data,
and so assigning Bayes factors or performing any other likelihood-based inference is
impossible. Consequently, the forensic scientists reporting on these types of evidence
are left without means to support their assessments of the probative value of the evi-
dence.

In an attempt to bypass the need to work with intractable likelihood functions,
researchers have concentrated on the use of scores to reduce the complexity and dimen-
sionality of the problem. A score can have two interpretations: it can be interpreted
as a summary statistic resulting from the comparison of two objects; or it can be in-
terpreted as the scalar projection that results from the inner product of two vectors. In
the first case, we talk about (dis)similarity functions, 0 (-,-) with real-valued output,
while in the second case, we talk about kernel functions, « (-, -), as described above in
Section 1.1. The primary difference between ¢ and « is that J can be any function with
real-valued output, while x must be a positive semi-definite, continuous, symmetric
function (see Theorem 1 and Definition 2 in Section 1.1). Both functions map complex
random vectors from their natural space to the real line, R, and both offer great flexi-
bility to researchers. These scores allow researchers to measure the “distance” between
two objects, such that the value representing the distance is minimized (or maximized)
when two objects originate from the same source, and is maximized (or minimized)
when they originate from different sources, and to express the level of (dis)similarity

between pairs of objects as a univariate continuous random variable, whose probabil-
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ity distribution is significantly more convenient to model than the distribution of the

original vectors of observations.

2.2.1 SCORE-BASED LIKELIHOOD RATIOS

Initial attempts to circumvent the complexity of the original data gave rise to a
family of ad-hoc methods, dubbed ‘“‘score-based likelihood ratios”. The first members
of this family were presented in the late 1990’s and early 2000’s in the fields of speaker
recognition and fingerprint evidence (see, e.g., [20, 21, 27-29, 46, 47, 51, 52]). Dif-
ferent constructions of score-based likelihood ratios have been proposed over the years,
and their use in case work has been advocated for, especially in Europe [22]. These
models first compare two objects to obtain a score using some (dis)similarity metric.
The likelihood of this score is then evaluated using a pair of density functions based on
the sampling distributions of the score under two mutually exclusive propositions. The
ratio of these densities is then reported as the “score-based likelihood ratio”.

Figure 2.2 shows two sampling distributions for a pair of propositions formu-
lated under the specific source scenario. Given a (dis)similarity score, 0 (z,,z) = 3,
the density of this score is evaluated under the sampling distribution defined for #,,
(solid black line) and under the sampling distribution defined for H, (dashed black
line). In this scenario, the resulting score-based likelihood ratio would support H,,
since the density of § (x,,, x;) = 3 is greater for the sampling distribution defined under
‘H,, than under the sampling distribution defined under #,,.

Some commonly described score-based likelihood ratios are the common source
score-based likelihood ratio, the asymmetric specific source score-based likelihood ra-
tio, the trace-anchored specific source score-based likelihood ratio, and the suspect-
anchored specific source score-based likelihood ratio. Unfortunately, each of these
proposed methods suffers from limitations, and so is inappropriate for reporting the
weight of evidence: the common source score-based likelihood ratio does not account
for the rarity of the trace objects; the asymmetric specific source score-based likelihood

ratio does not consider the same evidence in the numerator and denominator; the trace-
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anchored specific source score-based likelihood ratio reduces to the actual likelihood
(and so is not so score-based afterall); and the suspect-anchored score-based likelihood
ratio is not coherent?. Neumann and Ausdemore [49] present these score-based likeli-
hoods and their limitations in more detail. Furthermore, they show that convergence of
the score-based likelihood ratios to the “true” likelihood ratio only occurs under very
specific conditions (e.g., when the variance of the considered source in the specific

source scenario is negligible.)

0.4
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Figure 2.2: Score-based likelihood ratio obtained by calculating the ratio of the densities
of a summary statistic for an observed pair of trace and control objects, 0 (z,,xs), in
the sampling distributions defined under H, and H,.

2.2.2  OTHER SCORE-BASED METHODS

Using kernels to express the similarity of pairs of objects and to reduce the di-
mension of the data is not unique to score-based likelihood ratios. Other nonparametric
methods that use these scores for model selection have been proposed [33], and include
approximate Bayesian computation (ABC) methods [18, 67], SVMs [89, 90] (intro-
duced in Chapter 1), and relevance vector machines (RVMs) [64, 85]. Unfortunately,

applying these models to the types of data encountered in forensic science, and, more

2The inverse of the Bayes factor corresponds to the amount of support for the alternative
proposition. This is not the case for specific source score-based likelihood ratios.
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generally, in pattern recognition, is not straightforward. ABC methods require assum-
ing generative models and using sufficient summary statistics, and ideally rely on an
infinite number of resampling simulations. In practice, these assumptions are not re-
alistic: generative models for high-dimensional, heterogenous data may not exist, or
may be too complex to implement; it is not possible to define what “sufficiency” means
for these types of data; and the number of simulations is necessarily limited. In addi-
tion, most ABC algorithms require defining arbitrary thresholds that allow for assessing
whether resampled datasets are sufficiently similar to the observed dataset. However,
as the dimension of the data increases, the curse of dimensionality may imply that
no observations are “similar enough” to the original data. RVM and SVM algorithms
require complex and computationally expensive optimization procedures (as seen in
Chapter 1), in part due to the repeated inversion of the Gram matrix [12, 33], and do
not have a natural extension to the multi-class scenario. Finally, SVMs do not allow for

likelihood-based inference [33, 89, 90].

2.3 A NEW CLASS OF SCORE-BASED MODELS

In the last decade, a new class of algorithms has been introduced. While this
class of algorithms is score-based in nature due to its reliance on kernel functions, it
maintains the ability to make appropriate likelihood based inference. We wish to capi-
talize on these properties to calculate Bayes factors for complex data, particularly when
few data are observed.

In 2014, Gantz and Saunders [26] developed a method that allows for assigning
a parametric model to the joint distribution of pairwise scores between multiple objects
that are known to originate from a single source. In practice, this algorithm can be used
to make inference on whether a new (set of) object(s) originates from the same source
as a set of control objects, as is the case in one-class classification or anomaly detection
algorithms [1, 7].

Although this proposed model cannot be used directly for model selection,

the authors showed that this new class of algorithms is particularly suited for high-
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dimensional hypothesis testing (Armstrong et al. [6] demonstrated the usefulness of
this model). In addition, this approach allows for a limited number of assumptions,
each of which are usually satisfied in high-dimensional situations, and relies on a min-
imal number of parameters, which may be estimated with closed-form solutions. Fi-
nally, the approach allows for simultaneously classifying a set of objects. While the
aforementioned algorithms use pairwise comparisons between multiple objects from
each considered source to train or learn the parameters of the algorithms (as in SVMs
or RVMs), they consider objects to be classified as being independent from one an-
other. The class of algorithms introduced by Gantz and Saunders [26] and implemented
by Armstrong et al. [6] makes it possible to perform model selection on a joint set of

observations®.

2.3.1 A COMMON SOURCE MODEL-SELECTION ALGORITHM

In 2018, Armstrong [5] expanded this class of algorithms by introducing a
method that enables model selection in the common source scenario for stationary ker-
nels. In particular, this model is used to determine whether two sets of trace objects are
simple random samples from a common, but unknown, source in a population of po-
tential sources (see Definition 9 for a formal statement of the propositions considered
in the common source framework). The model enables a fully Bayesian treatment of
non-nested model selection, and, in particular, can be used to quantify the weight of
high-dimensional and heterogeneous forms of forensic evidence (e.g., chemical spec-
tra, pattern evidence). Specifically, given two sets of trace objects, x,, and x,,, this

method allows for selecting between the models

H,: . x,, and x,, originate from a common but unknown source in the population of

potential sources;

Hgq: x,, and x,,, originate from two different but unknown sources in the population

of potential sources.

3Computational developments initially explored in [53].
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Proceeding in the manner of Gantz and Saunders [26], Armstrong [5] assigns a
parametric model to the joint distribution of pairwise scores, s, between multiple ob-
jects that are known to originate from a single source. More specifically, an observation
Sij.iry of s is given by s;;./» = Kk (x;;, €4 ), where £ (-, -) is a kernel function as defined

in Definition 2 in Section 1.1, and

Op + i + V) + digr + tiij + tiiryr + tirgg + tinirj + Wij + Wirgr + €gjigr, 0 F 0
Sijilj =

o
Ow + wij + wiryr + €ijirjr, =1,

such that s ~ MVN (0, %), where ¥ := BB'o02+DD'024+TT 0?+WW'o2+ 102
The design matrices given by B, D, T and W capture distinct random effects that ex-
ist within the score model. The rows of each of the design matrices consist of all ("”0)
possible pairwise comparisons of 75 and i’j’, where n is the number of random sources
considered in the population, and n is the number of objects observed per source. The
columns of B, D, T and W, however, vary according to the effect being described:
the design matrix B describes the between-source effects (b;, b;/); the design matrix
D describes the source interaction that exists between-source comparisons, (d;;); the
design matrix 7' describes the interaction that exists between the sources and their sam-
ples (ti.j, tiirjr, tirsij, tirzirjr); the design matrix W describes the within-source effects
(w;j, wyjr). Armstrong [5] provides a more in-depth look at these matrices.

To select between the two models presented above, Armstrong [S] proposes to

evaluate a Kernel Bayes Factor, /.

Definition 11 (Kernel Bayes Factor) The Kernel Bayes Factor allows for select-
ing between two mutually exclusive models based on a set of scores obtained by a

kernel function, and is given by

Jo /(5] Hy) dIT (H,)

K
O T T (819, Ha) dIL(QH,)

(2.8)

where () is the set of parameters characterizing the likelihood functions of s under

H, and H,4, and 11 is a probability measure over the parameter spaces of €.

Evaluating (2.8) then requires studying Q := {6, 0., 0%, 03, 0%, 02,02} under the two
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models, H,, and H,. However, following Ommen, Saunders, and Neumann [59], Arm-
strong [5] shows that, in the common source scenario and for a perfectly balanced
sample, this Bayes factor can be evaluated using (2.9), which requires estimating the

parameters only under H,,

fo (8m|sn, $2)

IC P—
S Jo Fa (S| $n, )

dll (2s, Ha) , (2.9)

where s,, is vector of scores that considers comparisons that include at least one trace
object and s,, is the vector of scores that consider comparisons between control objects.

Armstrong [5] shows that the likelihood can be decomposed into independent
sums of squares. He shows that closed-form solutions exist for the parameters of the
model, and shows that the distributions of the parameters can be studied by defining a
Markov Chain Monte Carlo (MCMC) sampler. Using this technique, posterior samples
of the parameters are obtained by sampling from 7 (€2|s, H,). This sampling technique
is described in detail in [5, Section 5.6]. More recently, Ausdemore et al. [7] made the
process more computationally efficient.

By developing this common source model, Armstrong [5] bolstered the work
of Gantz and Saunders [26] to allow for selecting between models via a kernel Bayes
factor, and laid the necessary foundation for developing the specific source model. In
particular, this development will be particularly useful in developing the final algorithm

in the class of algorithms constructed throughout this dissertation.

2.3.2 A TWO-STAGE APPROACH

In 2020, Ausdemore et al. [7] implemented the work of Gantz and Saunders [26]
using a two-stage framework. This model is the first step towards defining a specific-
source model selection algorithm and lays the groundwork for developing the class
of algorithms discussed in this dissertation in that it allows for obtaining a proxy of the
Bayes factor in the specific source scenario. Given a set of M trace objects, x,,, assumed
to originate from a single, unknown source, a set of N control objects x;, originating

from a specific source of interest, S, and a sample of sources from a relevant population
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of potential sources, A, they are interested in making inference on the source of the set

of trace objects. Formally, they consider the following mutually exclusive propositions:

H, : x, is a simple random sample from S;

H,q: x, is a simple random sample from another source in the population represented

by A.

To make inference on the source of x,, they revisit the two-stage approach,
formally introduced by Parker [60, 61], and Parker and Holford [62]. This two-stage
inference framework consists of a similarity stage and a discrimination stage. In the
similarity stage, the goal is to compare the characteristics of the trace and control ob-
jects, and determine if they are indistinguishable. In the discrimination stage, the goal is
to determine the rarity of the characteristics observed in the first stage in the population
of potential sources (i.e., determine the match probability).

To address the similarity stage, Ausdemore et al. [7] develop a generic a—Ilevel
test that relies on a kernel function to measure the level of similarity between pairs of
high-dimensional, heterogeneous, and complex data. Given two vectors of measure-
ments, x; and x;, representing the observations made on two objects 4, j, sampled from
the same random source, a kernel function x, is used to measure their level of similar-
ity, and report it as a score, s;;. In the spirit of Gantz and Saunders [26] and Armstrong
et al. [6], Ausdemore et al. [7] choose to represent this score as a linear random effects

model, given by
Sij = I€<$i,w]’) = 9 + a; + CL]' + 51']',

where 6 is the expected value of the score between any two objects from the same
considered source, a;, a; YN (0, 02) are random effects representing the contributions
of the i and j™ objects, and ;; % N(0,02) is a lack of fit term. Given M trace
objects and N control objects from a source of interest, they define the vector of scores
Smin = (Sm, sn)’, where s,,, and s,, are defined as in Section 2.3.1. Given that all

N control objects originate from a single source, the multivariate representation and
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distribution of s,, are given by
8, =01,+ Pa+e, s,~MVN (01, Z,x.),

where 1,, is a one vector of length n, P is an n X N design matrix (where each row
represents an i, j combination consisting of ones in the i’ and j** columns and zeros
elsewhere), a is the vector of random effects for the considered objects, € is the vector
of &;; corresponding to each pair of objects, and ¥,,,, = PP'c2. + I,,02. Using this

definition and distributional assumption, they define they hypotheses H, and H; as:

Ho: The M trace objects have the same characteristics as the N control objects, and

SO

<Zm> |‘I’ ~ MVN (91m+n, QQ/O'g + Im—i—nO'Z) .

mem men

= MVN 91m+n,
Enxm znxn
where ¥ = {0, 02, 0%}, and Q is a design matrix of the same construction as P,

but with dimensions corresponding to the length of the vector (s,,, s,,)".

‘H1: The M trace objects have different characteristics than the N control objects, and

SO S,, has some other distribution.

To design their test statistic, Ausdemore et al. [7] begin by considering the con-
ditional likelihood of the vector of scores involving at least one trace object, given the
vector of scores involving only control objects, .Z (,,|S,, ¥). The test statistic is then

defined by
T (Smy8n, V) = Pr (&L (sm|sn,¥) > L (s),|80, P)) .

where s is a random vector of scores calculated between pairs of objects involv-
ing at least one trace object when the trace and control objects fruly originate from

the source of interest. Using this test statistic, they decide to reject H at a specific



37

a—levelif [T (s, 8n, ¥)dr (¥ls,) < ¢(«), in which the uncertainty associated with
the model parameters has been integrated out, and c¢(«) is a constant chosen to satisfy
Pr (T (8m, $n, ¥) < ¢()) < a. The processes for estimating [ T (8,,, 8, ¥) dr (¥|s,,)
and for obtaining ¢ (o) are found in more detail in [7].

By applying their model to a set of Fourier-Transform Infrared spectroscopy
(FTIR) spectra of paint chips from cans of common household paint, Ausdemore et al.
[7] demonstrate that their proposed approach works well with the number of samples

commonly encountered in forensic science.

2.3.3 A SPECIFIC SOURCE MODEL SELECTION ALGORITHM

A specific source model selection algorithm is missing from the class of models
outlined above. This dissertation introduces a model that serves to complete this class
of kernel-based algorithms (initiated under NIJ Awards 2009-DN-BX-K?234, which ad-
dressed the outlier detection problem [26], and 2015-R2-CX-0028, which addressed the
common source problem [5]), by proposing a fully probabilistic model for addressing
the specific source problem in forensic science.

To define the model necessary for assigning a Bayes factor, we proceed by de-
signing a series of three progressive models: first, we develop the model for a fixed
pair of sources; we then extend the two-class model to consider a set (with cardinality
greater than 2) of fixed sources; finally, we design a kernel-based model selection algo-
rithm that considers a single suspected source against a population of multiple random
sources and that allows for assigning the Bayes factor in (2.8). The remainder of this
dissertation will use the concepts introduced in Chapters 1 and 2 to develop the set of

models described in Section 2.3.
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Part 11

A Two-Class Model Selection
Algorithm for High-Dimensional

and Complex Data
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OVERVIEW OF PART II: A TWO-CLASS MODEL SELECTION ALGORITHM
FOR HIGH-DIMENSIONAL AND COMPLEX DATA

In this part, we develop the theory and implementation for a two-class kernel-
based model-selection algorithm. In Chapter 3, we define the problem and develop
the algorithm that allows for determining which of two classes is more likely to have
produced a set of trace objects. In addition, we propose a method for studying the
parameters of the proposed model, and a sampling algorithm that can be used to study
the distributions of the considered parameters.

In Chapter 4, we implement the proposed model on the MNIST hand-written
digits data that is commonly used to evaluate the performance of pattern recognition
algorithms.

In Chapter 5 we discuss the benefits and limitations of the proposed two-class

model.
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Chapter 3

DEFINING THE TWO-CLASS MODEL-SELECTION PROBLEM

We begin by considering a two-class scenario, in which we are interested in
defining which of two specific, fixed sources is more likely to have produced a set of
objects of unknown but common origin. That is, given two sets of objects, X; and X,
where each set of objects is known to have originated from one of two distinct sources,
and a set of objects, X, of unknown origin but known to have originated from one of
the two sources that produced the objects observed in X; and X5, we are interested in
determining which of the two sources is most likely to have generated the set of objects

observed in X ,. Formally, we are interested in determining if

‘H, : X, 1s a simple random sample from the source that produced X;

H, : X, 1s a simple random sample from the source that produced Xs.

Oftentimes, differentiating between these propositions can be reduced to a sim-
ple classification or model-selection problem that can be addressed using machine learn-
ing or likelihood-based techniques. However, when we are faced with high-dimensional,
complex, heterogenous data and limited sample sizes, the process is not so straight-
forward: small sample sizes rule out many machine learning techniques, and high-
dimensional, complex, or heterogenous data make it impossible to assign the necessary
probability measures for assigning Bayes factors or performing any other likelihood-
based inference.

We propose a model that leverages the properties of kernel functions (see Chap-

ter 1) to obtain a vector of scores, s, that characterizes pairwise comparisons of all
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objects observed in X;, X, and X,. This vector consists of within-source scores,
which arise when compared objects originate from a common source, and between-
source scores, which arise when compared objects originate from different sources. The
model capitalizes on the variability that exists within and between these sets of scores to
address the above inference question. Because the method relies on a kernel function,
the method can be tailored to any type of data by merely modifying this function, and
the remaining inference process remains the same. Furthermore, the model makes only

one assumption, which can be satisfied through the design of the kernel function.

3.1 PROBLEM STATEMENT

Consider two sets of exchangeable observations, X; and X5, made on two dis-
tinguishable sets of objects, and the set of exchangeable observations, X,, made on
objects of common but unknown origin. The sets X; and X5 are considered to be sets
of control objects, while the set X, is considered to be a set of test objects. We define

the sets X, X5, and X, as being simple random samples,

X, = {331,1, L12, -y 931,n0}7
Xy 1= {132,1, L22, -, 332,n0}7
Xu = {mu,l’ L2y « v mu,nu}v

where the sets of control objects consist in 2y objects from their respective sources, and
the set of test objects consists in n, objects known to originate from one of the two
sources represented by the observations in X; or X,. We are interested in quantifying

the extent of support provided to ; and H, above.

Rather than consider the observations themselves, we instead consider the vec-

2no+nqy

) ) obtained by comparing the m-

tor of all pairwise scores, s € RV, N = (

dimensional observations in the sets X, X5, and X, via some kernel,

k:R™— R,

Sij,ilj = K(mijami'j/) = <¢ (ml]) 7¢(w’i/j')> iai/ S {1a2au}a .jaj/ S {1’ ey InaX{TL(),TLu}},
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where ¢ is a mapping into some separable, high-dimensional Hilbert space [12, 65, 71,
74]. That is, s;;,; 1s the score obtained by comparing object x;; to object x;;» using
some kernel function, k, as defined in Definition 2 in Section 1.1.

We define our kernel such that our vector of scores is distributed according to a

Multivariate Normal distribution, with
s~ MVN(6,%), (3.1)

where 0 is the vector of mean terms, and X is the covariance matrix associated with
the vector of scores (see Section 9.5 and Chapter 10 for a discussion on the validity
of this assumption, and the implications when this assumption does not hold). These
parameters will collectively be referred to as 2 := {6, X}, and will be more explicitly
defined as we move through the chapter. We can define the Bayes factor in terms of the

Multivariate Normal Likelihood and the associated parameter €2, such that

Jeo £ (8192, 1) T (92],)
o £ (5|9, Hy) dI1 (Q[Hy)
Jo, € (s]€21) dIT (€2,)

T (sl A () (3:2)

It is worth noting that there exist differences between €2; and €2,. While the
individual elements of each of the parameters 0, 6, 3;, and X, are restricted to the
same set of potential values, the structures of the mean vectors and covariance matrices
depend on whether H; or H, is being considered: if H; is being considered, then the
parameter {2; considers that the set of unknown object X, originates from the source
that produced X, and so scores of the form s, 1;/, 545, Will all be considered as
“within-source 17 scores, and scores of the form s,,; 5,7 will be considered as “between-
source” scores; likewise, if H5 is being considered, then the parameter €2, considers
that the set of unknown object X, originates from the source that produced X5, and
so scores of the form s, 9,7, 5yj.; Will all be considered as “within-source 2” scores,

and scores of the form s,,; 1;» will be considered as “between-source” scores. Figure 3.1
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shows the differences in the covariance structures when #; is considered versus when
‘Ho is considered for a non-stationary kernel (3.5) when ny = 5 and n,, = 3. We see
that the elements take on different values in different positions. In addition, the similar
color palettes between the two images indicate that the individual elements in the two

matrices take on values from the same set of parameter values.

2 pY)

Figure 3.1: Covariance matrix structure under H; (left) and Ho (right) when scores are
calculated using a non-stationary kernel (3.5) when ng = 5 and n,, = 3. Comparisons
that consider scores between control objects appear in the upper left corner. Compar-
isons that consider scores between trace objects are given in the lower right corner.
Comparisons that involve trace and control objects are given in the upper right and
lower left corners. Like colors indicate like values between the two covariance matrices,
and so we see that the objects that consider scores between control objects have identical
covariances under Y1 and Yo, while the scores that consider trace objects have different
covariances under X7 and Xo.

3.1.1 COVARIANCE STRUCTURE FOR THE OBJECT MODEL

We can investigate the covariance structure for a vector of scores by considering
a univariate object-based model. Consider an object x;; defined in terms of the linear

model given by

Tij = i T €ij, (3.3)

where y; is the overall mean of class i € {1,2}, and e;; ~ N(0,0%) when i = 1, and

e;; ~ N(0,7%) when i = 2. Scores can be studied by choosing the following stationary
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!/

g
!
Sijaty’ =

*
Sijﬂ"j/
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;- and s7; /., respectively:
2
(wij = wiryr) (3.4)
=TTy (35)

We can directly examine the mean and covariance terms associated with these

two kernels by calculating the various terms that arise from the different possible score

combinations. Table 3.1 provides the different parameter values under the two kernel

functions given in (3.4) and (3.5) above.

Description of Considered Scores Score 1 Score 2 Stationary Kernel (3.4) Non-Stationary Kernel (3.5)
Expected Value Terms
Within Source 1 1112 20 W
Within Source 2 2122 - 27 13
Between Source 1221 (1 — #2)2 + 0% 4 72 i1 2
Covariance Terms
7ithi ) %
Bot“h Within Source 1, Two Common 1112 1112 8o 220% + o
Objects
o

Bth Within Source 2, Two Common 2122 2122 374 227?474
Objects
Both Within Source 1, One Common 4 2 9
Object 1112 1113 20 pHio
Both Within Source 2, One Common 4 2 9
Object 2122 2123 27 3T
Bo‘r;h Within Source 1, No Common 1112 1314 0 0
Objects
Bo‘rjh Within Source 2, No Common 2199 9304 0 0
Objects
g(l)g};ct]ietween Source, Two Common 1121 1121 A — ) (02 + 7242 (02 4 72 2 4 pdo? + 0P
Both Between Source, One Common 2 5 a 2 2
Object from Source 1 LA L1Y2 4(n — )" 0° + 20 H20
Both Between Source, One Common 2 o 4 2 9
Object from Source 2 121 1221 A — ) 7"+ 27 mr
Bo?h Between Source, No Common 1191 1299 0 0
Objects
Within Source 1, Between Source, One 4 2
Common Object from Source 1 12 L2t 20 ino
Within Source 2, Between Source, One 4 2
Common Object from Source 2 2122 ti2t T (Hagrer

7y 1 g r
Within Soul(?,e 1, Between Source, No 1112 1321 0 0
Common Objects

T e
Within Source 1, Within Source 2, No 1112 9192 0 0

Common Objects

Table 3.1: Expected value and covariance terms obtained for the object-based model for
each type of score comparison when a stationary kernel (e.g., (3.4)) and non-stationary
kernel (e.g., (3.5)) are considered. Column one provides descriptions of each type of
comparison that may be observed; columns two and three provide examples of indices
for scores that could be compared in each situation; columns four and five present the
parameter values obtained under the stationary and non-stationary kernels given by

(3.4) and (3.5).

Table 3.1 indicates that the covariance structure varies depending on whether a

stationary or non-stationary kernel is used to obtain the vector of scores, s. For exam-
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ple, we see that there are ten unique terms that arise when a stationary kernel is consid-
ered, versus twelve unique terms that arise when a non-stationary kernel in considered.
Furthermore, we have that some of the stationary terms are relatively straightforward
functions of each other (e.g., 20 is a fraction of 8¢*). In addition, the covariance terms
that arise when a non-stationary kernel is considered depend much more on the means
of the different sources. Finally, we note that the zeros occur in the same positions for

the stationary and non-stationary kernels.

3.1.2 DEFINING A SCORE-BASED MODEL

Suppose, now, that we expand upon (3.1) and define our vector of scores such

that

s~MVN(0,8) = sy ~N (0ir,0%)

3”0_—_9 ~N(0,1), (3.6)
where the parameters 6;;; and o;;; are the means and variances associated with the dif-
ferent comparisons that may be considered by a given score. That is, each score in the
vector of scores is either a within-source 1 comparison, a within-source 2 comparison,
or a between-source 1 and 2 comparison. For example, consider a score s;; ;5 in which
1 = i = 1, and so 0;; gives us the expected value of scores that compare any two
objects in X ;. Likewise, when i = i’ = 2, 6, gives us the expected value of scores that
compare any two objects in X,. Finally, when i # ¢/, 6,; gives us the expected value
of the scores that compare an object in X; to an object in X,. We can thus consider
O € {611,022, 612}, corresponding respectively to the three scenarios previously de-
scribed. The parameter o;;; can similarly be defined for standard deviations, such that
oiir € {011,092, 012}

From here, following the work of Gantz and Saunders, and Armstrong [5, 6, 26],
we choose to define the standardized scores from (3.6) according to a random effects

model
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Sijirjt — Our
L LA Q45 + Qg 50 + Eijilj's (37)
Oii
iid 9
where a;; and a; ; are random source effects, such that a;;, a;;» ~ N (0,07), and €;;

is a lack-of-fit term, such that &;; ;s w N (0, 03). Furthermore, from (3.6), we have

that 202 + o2 = 1. Finally, we rewrite the model in terms of s;; ;/, such that
Sijirgr = Oiir + i (g5 + @irgr + €ij.000)

and so, given the distributional assumptions associated with (3.6) and (3.7), we define

the distribution of our vector of scores to be
s~MVN (6, A(PP'o.+102)A), (3.8)

where 6 is a vector of length /V of the mean terms given by 6,7, and A isan N x N
diagonal matrix of the standard deviations given by o;;. The design matrix P describes
the effects of the objects being compared on the score for each score considered in the
vector s. For each of the 2ng + n,, rows of P, a one is placed in the columns associated
with the labels of the objects being compared in that row, and zeros are placed in the
remaining columns. For example, given a score 513 21, the columns of P corresponding
to the second object from source 1, and the first object from source 2 would be assigned
a value of one, while the remaining positions in the row would be assigned a value of
zero. Finally, I is the N x N identity matrix.

The likelihood function for s in the numerator and denominator of (3.2) can
be represented using the distribution given in (3.8). As explained in the introduction of
Section 3.1, we have that the structure of the mean vector and covariance matrix depend
on whether H,, or H,4 is being considered (see, e.g., Figure 3.1).

It is worth noting that the covariance matrix defined in (3.8) is not equivalent

to that of the object model described in Section 3.1.1. First, the covariance matrix in
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Section 3.1.1 includes 7 unique covariance terms for the stationary kernel and 9 unique
covariance terms for the non-stationary kernel, while the covariance matrix given in
(3.8) includes 8 unique covariance terms (see Table 3.2). This is due to the fact that the
covariance matrix in Section 3.1.1 considers a single term, o5 to describe the relation-
ship that occurs when a score involves an object from source 1 and an object from source
2. For the covariance matrix in (3.8) to coincide with that defined in Section 3.1.1, we
would need to define two terms, 015 and 041, that describe the effect when the object in
common between two scores comes from source 1 versus from source 2. For example,
consider a pair of scores, ;11,12 and s11 21. To appropriately capture the covariance that
exists between these two scores would require defining a term o4, since the common
object between the scores comes from source 1. Likewise, a pair of scores, 51121 and
521,22, would require defining a term o09;, since the common object between the scores
comes from source 2. Thus, the covariance terms of the score model in rows 7-9, 11,
and 12 of Table 3.2 do not necessarily have a direct counterpart in the object model.
However, despite these discrepancies, we choose to move forward with the
model given by (3.8). While the covariance matrices of the object and score models
may not be exactly the same, their structures under H; and 5 remain sufficiently sim-
ilar. Furthermore, as we will see below, an elegant solution exists for studying the

parameters of the model given by (3.8).
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Description of Considered Scores Score 1 Score 2 Object Model (3.5) Score Model (3.8)
Covariance Terms
Both Within Source 1, Two Common

Objects 112 1112 2ule? 4ot 0%, (202 + 02)
g%?;cglthm Source 2, Two Common 9192 9192 22r? 4 74 o2, (202 + o2)
Both Within Source 1, One Common 2 9 2 9

Object 1112 1113 nio 0110,

Both Within Source 2, One Common 2.3 2 %

Object 2122 2123 ST 05902

Bot'h Within Source 1, No Common 112 1314 0 0

Objects

Bot.h Within Source 2, No Common 9192 934 0 0

Objects

Both Betw S , Two C . ‘

O(;jectse ween Source, Two Common ., 1191 1272 4 20% + 0?7 02, (202 + 0?)

Both Between Source, One Common

2 2 2 2
Object from Source 1 121 1122 129 912%
Both Between Source, One Common 9 9 9 92
Object from Source 2 121 1221 mr 712%
Botﬁh Between Source, No Common 1191 1999 0 0
Objects
Within Source 1, Between Source, One 2 9
Common Object from Source 1 112 121 Sl 7120119
Within Source 2, Between Source, One 2 9
Common Object from Source 2 2122 121 HpaT 01202204
7ithi ;
Within Sour(?e 1, Between Source, No 1112 1391 0 0
Common Objects
Within Source 1, Within Source 2, No 1112 9122 0 0

Common Objects

Table 3.2: Comparison of Covariance terms in Object Model defined according to (3.5),
and Score Model defined according to (3.8). We see that there are two obvious scenarios
(rows 8 and 9) in which the covariance term given by the score model is not equivalent
to that given by the object model.

3.2 MODEL DEVELOPMENT

Evaluating the likelihood ratio in (3.2) requires estimating the parameters 6,1,
02, 019, 011, 099, 012, 02, and ag using the information contained in the vector of scores,
s. To study these parameters, we subset the vector of scores to define s., which includes
only the comparisons between control objects in X; and X5, and so is a vector of length

N, = (230). We can then use s, to define the total sums of squares

SSTot - (Sc - 00)/ [ACA;]_I (Sc - 00)7
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where 6. is the N, vector of score means, ¢;;;, and A, is the N. x N, diagonal matrix
of the score standard deviations, ¢;;, associated with the scores s..
Now, Cochran’s theorem [16] provides us with a means to decompose this sum

of squares into several independent sums of squares.

Theorem 2 (Cochran’s Theorem) Let @ be a p x 1 random vector distributed
according to a multivariate normal distribution with mean vector 0 and covariance
matrix I. That is, x ~ MVN (0, I). In addition, let

p
Z$?ZQ1+"'+QK,
i=1

where the q, are quadratic forms in x, where g, = *' Ayx € R, where Zszl A, =
1, and ry, is the rank of Ay.

Then a necessary and sufficient condition that qi,...,qx are independently dis-

tributed x? distributions with degrees of freedom 1, . .. v is that

p:T1+"'+TK-

Cochran [16] proved this result for central y? distributions. Notable devel-
opments of this theorem include: the extension to the non-central case, i.e., * ~
MVN (s, I), by Madow [43]; the extension to positive definite covariance matrices,
ie., x ~ MVYN (0,3), by Ogawa [55, 56]; the extension to consider non-zero mean
vectors alongside positive definite covariance matrices, i.e., € ~ MVN(u,X), by
Ogasawara and Takahashi [54]. Anderson and Styan [4] survey these results, as well as
other implications and consequences of these theorems.

The extension proven by Ogawa [54] allows us to apply Cochran’s Theorem to

s=(A;'(s.—80,)), and rewrite (3.9) as

Ne
SSre =I5 =73 [Z vlvg] 5 (3.10)
I=1
where {v;},,{ = 1,..., N, is any orthonormal basis for RMe. Furthermore, consider the

following three idempotent design matrices By, Bao, and Bs:
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: The N. x N, diagonal matrix with one’s in the first (") positions of the diagonal

and zero’s in the remaining N, — ("20) positions;

: The N.x N, diagonal matrix with zero’s in the first ("20) positions of the diagonal,

one’s in the second (”20) positions, and zero’s in the remaining n?2 positions;

The N, x N, diagonal matrix with zero’s in the first n(”2°) positions and one’s in

the remaining n3 positions.

Since Bi1, Bys, and B, sum to the identity matrix, we have that

SStot = 8 (Bi1+ Bag+ Bi2) I (By1 + Bas + B12) s

whe

= g’B111B11§+ §/3221322§+ g/BlgIBlgg

N. N. N.
= g/Bll Z’Ulllvill] Bllg—l— g/BQQ lz ’U221’Ul22l‘| ngg—ﬁ- g’Blg [Z vlglvﬁl] Blgg

=1 =1 =1
= 5511+ 555 + 5512 (3.11)
re {viy,};, {v22};, and {vig,},, | = 1,..., N, are different orthonormal bases

spanning RNe, and will be discussed in more detail in later sections. The matrices B;;/,

it € {11,22,12}, effectively activate different parts of the vector s, according to the

different source comparisons. In particular, we have that

6]

2)

3)

By s, allows us to consider only the positions of s, that correspond to the within-
source one comparisons, so that s’.B;;s. gives us the sum of squares for within-

source one comparisons. Recall that B1;1 By, = Bj1, and note that B;; has rank
= (3).

By;s,. allows us to consider only the positions of s, that correspond to the within-
source two comparisons, so that s Byys,.. gives us the sum of squares for within-

source two comparisons. Recall that By I Bos = Bsys, and note that Byy has rank
= (3).
Bj5s. allows us to consider only the positions of s, that correspond to the between-

source one and two comparisons, so that s_.Bj,s. gives us the sum of squares for
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between-source comparisons. Recall that B1oI B1s = B, and note that By, has

rank 715 = n3.

Thus, we have defined the total sums of squares in terms of the various source compar-
isons that exist within our vector of scores. Bearing in mind that the goal is to find a
way to estimate the parameters of the distribution given in (3.8), we note that this de-
composition of the total sums of squares allows us to independently study the mean and
standard deviation terms, 6;; and o;;, associated with their respective source compar-
isons. Note that we can choose the orthonormal bases in (3.11) to be any orthonormal
bases, and, in particular, we can choose these orthonormal bases to be the normalized

eigenvectors of the following three matrices:

‘/11 = Bll (PCPCIOg + Icaz) B117 (312)
Véz = B22 (PCPCI(J'g + ICO'z> BQQ, (313)
Vio = By (P.Plo}+1.07) Bys. (3.14)

First, choosing Vi1, Vs, and V5 to be any function of 3, := PCPC’UZ + Icag 18
advantageous in that it introduces the parameters o2 and o2, and so provides a means for
studying these parameters. Second, defining V71, Vo9, and Vi5 in terms of By, Bys, and
B, allows us to take the relevant parts of 3. with respect to each source comparison
by activating only the rows and columns of 3. corresponding to the considered source

comparison.
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Vi
Eigenvalue (111,) Multiplicity (my,, ) Eigenvectors (v11,)
2 (TLO = 1) 0'2 + Ug 1 V1, such that ‘/11’0111 = V11,V11,
(no — 2) Jg + O'g ng— 1 v11, such that Vuvnl = V11,011,
0'2 (7120) ) V11, such that ‘/11’011[ = V11311,
0 NC — (n20) V11, such that ‘/111]111 = V11,011,
Vo
Eigenvalue (v22,) Multiplicity (m,, ) Eigenvectors (v22,)
2 (TLO — 1) O'g + Ug 1 V29, such that ‘/22'0221 = V2,022,
(no — 2) 02 + O'g ng— 1 V22, such that ‘/221}22[ = 122,122,
0'3 (7120) — Nyo V22, such that ‘/22'022[ = 12,V92,
0 NC — (1120) V22, such that ‘/221)221 = /22,U22,
Vig
Eigenvalue (v12,) Multiplicity (my,, ) Eigenvectors (v12,)
2n002 + 02 1 v1g, such that Visvio, = v12,v19,
noag + og 2ng — 2 v19, such that Visvig, = 112,019,
Ug (n() — 1)2 V12; such that Vig’l]ml = V123012,
0 N, — n% v1g, such that Visvig, = v12,v19,

Table 3.3: Eigenstructure of design matrices Vi1, Voo, and Vig in (3.12), (3.13), and
(3.14)

We can study the eigenstructure of By (P.Plo? + I.0?%) By, 11’ € {11,22,12},
for each source comparison (see Table 3.3). This study reveals the presence of multiple
subspaces for each of the considered eigenspaces, and allows us to decompose each of

the sums of squares in (3.11) as another sum of squares. In particular, we have that

Nec

no (7120) Nc
~ ! ~ ~ ! ! ’ I ~
s.B11 E vi, vy, | Buise = s.Bii |vi, v, + E v11,v11, + E v11, V11, + E v11,v11, | Biise
=1 1=2 I=ng+1 1=("9) 1
—\2

no Ni1

~ ! ! ’ ~

= s.B11 v111v111+g v11,v11, + g v11,v11, | Biise,
1=2 l=ng+1

where N;; = ("20) is the number of eigenvectors associated with non-zero eigenvalues,
and is also the number of “interesting” eigenvectors, v;;,. In particular, we have that
the first /Vy; eigenvectors have Ny, non-zero elements in their first N; rows, while the
remaining /N, — /N1; eigenvectors are vectors of zeros, each with one element equal to
one. The elements that are equal to one correspond to the dimensions whose associated
eigenvalues are zero. These vectors form the standard basis for the null space of the

corresponding matrix, and correspond to the rows of Bj; that are equal to the zero
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B4 B2 Bi2
Vi V22 Viz

Figure 3.2: Heat maps for B;; matrices (top) and eigenvectors of associated V;; matri-

ces (bottom). The (%) x ("¥) and n3 x ng patchworks in the first (") and nf columns

correspond to eigenvectors with non-zero elements. The remaining columns correspond
to vectors with one non-zero element (in red), and are associated with zero-valued eigen-
values.

vector. The first column of Figure 3.2 displays the heat maps of By; (top) and of the
matrix of eigenvectors of Vj; (bottom). Note that the Ni; x Ny; patchwork matrix
corresponds to the non-zero rows of By, and the orthonormal basis for the null space
of Vi, corresponds to the zero-valued rows of Bj;. Because the placements of the
nonzero elements in these eigenvectors correspond to the zero elements of the diagonal
in By;, the product of B;; with this set of eigenvectors results in a zero-valued sum of
squares.

Similarly, for By, we have

no
Np no ( 2 ) Nec
I~ / ~ ! / / / / =
5.Ba2 E V22, Vg, | B22Se = S B2z |v22,V3, + E V22, V59, + E V22, Vg, + E V22, V3o, | B22Sc
=1 1=2 I=ng+1 _
0 =(7)+1

ng Nao
~ / / / ~
= 8.B22 |va22, Vo9, + Z’ngl Vg, + Z V22, Vo, Bose,
=2 l=ng+1

where Nyy = ("20) is the number of eigenvectors associated with non-zero eigenvalues,

and is also the number of “interesting” eigenvectors, vyo,. In particular, we have that the
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first Noo eigenvectors have Nos non-zero elements in their Ny; + 1 through Ny + Noo
rows, while the remaining N, — Ny eigenvectors are vectors of zeros, each with one
element equal to one. The elements that are equal to one correspond to the dimensions
whose associated eigenvalues are zero. These vectors form the standard basis for the
null space of the corresponding matrix, and correspond to the rows of By, that are equal
to the zero vector. The second column of Figure 3.2 displays the heat maps of Bys (top)
and of the matrix of eigenvectors of Vo (bottom). Note that the Ny X Noo patchwork
matrix corresponds to the non-zero rows of B, and the orthonormal basis for the null
space of V5, corresponds to the zero-valued rows of Bs,. Because the placements of the
nonzero elements in these eigenvectors correspond to the zero elements of the diagonal
in By, the product of By, with this set of eigenvectors results in a zero-valued sum of
squares.

Finally, for B, we have

Ny, ()1 ng N
~1 i ~ ~ ! ’ i ! ~
s.Bi2 E v12,V1g, | B12sc = S Bi2 |v12,v1o, + E V12, V1, + E V12,19, + E v12, V19, | B12sc
=1 =2 _(n ) l=n2+1
= 0 n0+
L 2

(nzo)*l Ni2
Il ! / / ~
= §.Bi2 |vi2,v]5, + E V12, V1, + E V12,13, | Bi2se.

_ =)

where Nis = n% is the number of eigenvectors associated with non-zero eigenvalues,
and is also the number of “interesting” eigenvectors, vig,. In particular, we have that
the first Ny, eigenvectors have V15 non-zero elements in their last V15 rows, while the
remaining N, — V15 eigenvectors are vectors of zeros, each with one element equal to
onefavorable. The elements that are equal to one correspond to the dimensions whose
associated eigenvalues are zero. These vectors form the standard basis for the null
space of the corresponding matrix, and correspond to the rows of Bj, that are equal
to the zero vector. The third column of Figure 3.2 displays the heat maps of B2 (top)
and of the matrix of eigenvectors of Vi (bottom). Note that the N5 x Nj5 patchwork
matrix corresponds to the non-zero rows of Bjs, and the orthonormal basis for the null

space of V), corresponds to the zero-valued rows of Bi,. Because the placements of the
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nonzero elements in these eigenvectors correspond to the zero elements of the diagonal
in B, the product of By, with this set of eigenvectors results in a zero-valued sum of
squares. favorable This decomposition is favorable in that studying the relevant parts
of the eigen-decomposition of 3. is equivalent to studying the eigen-decomposition of

the relevant parts of 3. That is,

- N i Ny i
~ / ~ o ~ * * 1| ~
s.Bii g V11, Vqy, Byis. = s § Uy1,Y11, | S11

Li=1 i Li=1 i

- N _ "Noo _
~! ! ~ o ~f * x /| ~
s.Bas g V22, Vg9, Bayss. = sy § Va9, Va2, | S22

Li=1 i Li=1 i

[ Ne T [Ni2 7]
~! ! ~ _ ~ * x /| ~
s.Bi2 g V12, Uy, Biss. = sy E Vy9,V19, | S12

Li=1 i Li=1 i

where v7;, are the eigenvectors of the Ny; X Nq; matrix formed by considering the non-
zero rows of the columns associated with the non-zero eigenvalues of Vi; (given by the
1: Nyprows and 1 : Ny columns of Vi), V3, are the eigenvectors of the Ny X Noo
matrix formed by considering the non-zero portions of the columns associated with the
non-zero eigenvalues of Vs, (given by the (Ny; + 1) : (V11 + Nag) rows and 1 @ Ny
columns of V55), and vy, are the eigenvectors of the N5 X Nj5 matrix formed by con-
sidering the non-zero portions of the columns associated with the non-zero eigenvalues
of Vi (given by the (Noy + 1) : N,, rows and 1 : Njo columns of Vis). This is equiv-
alent to considering only the indices of 3. that correspond to each source comparison.

That is, v7;, are the eigenvectors of

211 = P11P1,10'2 + IHO'g, (315)

the matrix formed by considering the rows of ¥, associated with within-source one

comparisons; v, are the eigenvectors of

222 = P22P2/2O'Z + 1-220'2, (316)

the matrix formed by considering the rows of 3. associated with within-source two
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comparisons; and vy, are the eigenvectors of
212 = P12P1/20'2 + IlZUZa (317)

the matrix formed by considering the rows of 3. associated with between source com-
parisons. In addition, we have that s;; = (Al_ll (s11 — 0111]\/11)), where Ai; is the
Ny1 x Ny portion of A, that considers 07, Sy = (A;; (892 — 9221]\;22)), where Ags
is the Nyy X Ny, portion of A,, that considers 02,, and 815 = (A5 (812~ O121n,,)),

where A1, is the Nj; x Ni, portion of A, that considers o3,.

31
Eigenvalue (111,) Multiplicity (my,,,) Eigenvectors (v]y,)
2(ng — 1) 02 + o2 1 vl ::\1/];(,17111
(no —2) 02 + o2 ng — 1 vy, such that 307, = v11,v7;,
o? N1 —ng v7y, such that ¥y 07, = v11,07,
329
Eigenvalue (v92,) Multiplicity (my,, ) Eigenvectors (v3,,)
2(ng — 1) 02 + o2 1 V3o, 1= 1]]\1]2222
(nog — 2) o2 + o2 ng — 1 vy, such that opv3, = 192,59
o? ("?) — ng v3y, such that opv3y = vag,v35)
3
Eigenvalue (v12,) Multiplicity (my,, ) Eigenvectors (viy,)
2n0031 + 02 1 vy, = ;%22
noo? + o2 2ng — 2 v],, such that 31507y = 12,07y,
o2 (no —1)? v}y, such that 190y = vi,v]y

Table 3.4: Eigenstructure of design matrices X1, 399, and 12 in (3.15), (3.16), and
(3.17)

These results follow from using the B;;; matrices to activate certain areas of the
vector S, and the matrices Vi1, Vis, and Vs, i.e., introducing B;; allows us to activate
the parts of s. and 3. that correspond to the different source comparisons. Rather
than consider a sparse N, vector alongside a sparse N, X N, matrix, we can directly
consider the interesting parts of the vector and matrix by considering the associated N;;/-
dimensional vector and N;;; X Ny matrix, 7" € {11,22,12}. Thus, we can explicitly

define the source comparison sums of squares such that
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SSu = (AG (51— 0ulny,)) (vi,v5,) (AT (511 — Ouln,,)) +

ng
(AL (11— 9111N11>)/ (Z U?fn”fl/) (AT (511 — Ouilny,)) +  (3.18)
1=2

N1
(AT (s11 — 9111N11))/ ( Z Ufll”ﬁl/) (A5 (s11—0u1ln,,)) .
l=np+1
SSas = (A (522 —021n,,)) (V3 v50,") (A% (s22 — O221n,,)) +

no
(A5 (822 — 9221N22))/ (Z vgzﬂ’%z/) (A5 (822 — O21n,,)) +  (3.19)
=2

Naa
(A_zl (822 — 9221N22))/ < Z "’32[‘62/) (A2_21 (s22 — 9221N22)) )
l=nop+1
and
S5, = (A1_21 (s12 — 9121N12))/ ("’Tzl"’i}l/) (A_21 (812 — 9121N12)) +
(nz(])*l

(AL (s12 — 9121N12))I Z v, vy, | (AL (s12 — bh2lyy,)) + (3.20)
1=2

N2
(AT (s12 — O121n,,)) Z V7o, v, | (AL (s12 — b12lny,)) s
1=("p)

where the degrees of freedom for each line of (3.18), (3.19), and (3.20) are equal to the
multiplicities of the associated eigenvalues in Table 3.4, and the total sum of squares
remains as in (3.9). It is trivial to show that 37 | My, + S Mgy, + S My, =
N..

In the following sections, we analyze the three terms that make up each of the
sums of squares defined in (3.18), (3.19), and (3.20), so that we can write each term

without the use of eigenvectors, and more efficiently estimate the model parameters.
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3.2.1 ALTERNATIVE REPRESENTATION OF S5},

We begin by studying the terms in S5, given by (3.18). All developments can

be found in Appendix A. We can re-write the first term as

-1’ * * — N -
(811 — 011lny,) A1111 v, v, A (511 - uly,,) = 07211 (511 — 611)°, (3.21)
11

where 51 is the average score observed for within-source comparisons from source 1.
: : -1/ no * *x [/ —1
Next, we consider the structure of the sum given by A ; [lez U1, V7, } Al

Following the development by [6], we can write this second sum of squares as

s ATY iv* v, | ATls _ (o —1)? HZO (E(lj) -3 )2 (3.22)
11 11 — 11, %11, 11 211 - 0_%1(”0 — 2) o 11 11 ) .
= SSwy,
where Eﬁj ), j € {1,...,np} is the mean value of scores that compare object j in source

1 to any other object in source 1, and sy, is as in (3.21). The final result, given by (3.22),
gives the within-source sum of squares for the within-source-one model, SSy,,. By
considering this term in conjunction with the total sums of squares for the considered
model, SSr.:,, = Ui%l Z?i;l Z;‘,‘):jﬂ (s1j17 — §11)2 (this is the sum of the last two
terms in (3.18)), we can obtain an eigenvector-free estimate of the last bracketed term
in S51; by considering SS7u,, — SSw,, (see Table 3.5).

Following Cochran’s theorem [16] and the development in Section 3.2, we have
that each sum of squares in S.S}; is an independent central 2-distribution with degrees
of freedom equal to the multiplicity of the eigenvalue, v4;,, associated with the consid-
ered sum (see Table 3.4). We can study these terms to obtain the expected mean sums
of squares. Generally speaking, if we have any sum of squares term, S5, associated
with the eigenvalue A whose multiplicity is m, then we have

85 e 55 o
Var[SS| Xdfss A Xdf=m,
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such that,

= E[MS] =\

Thus, the expected value of a sum of squares divided by its degrees of freedom corre-
sponds to the corresponding eigenvalue. Applying these results to the three terms that

comprise S.51; in (3.18), we obtain the results presented in Table 3.5.

Source of Variance df SS MS E(MS)
Within Source no — 1 SSwi, MSy,, = Sngvflll (no — 2)o2 + o2
Error Ny —no SSg, = SStoty; — SSwy, MSg, = ]511’30 o?

Table 3.5: ANOVA table corresponding to 5511

3.2.2 ALTERNATIVE REPRESENTATION OF 555,

Next, we move to study the terms in S.Sy, given by (3.19). All developments
can be found in Appendix B. We proceed in the same manner as in Section 3.2.1. We

re-write the first term as

-1/, « * — N. —
(822 — O221n,,) AL V3, 03y AL (22 — O221y,,) = 7222 (522 — 022)°, (3.23)
22

where S99 1s the average score observed for within-source comparisons from source 2.
. . —1 [N gk a0k 1] AL
Next, we consider the structure of the sum given by A, [>7°, v3, v3, ] A
Again, we can write this second sum of squares as the within-source sum of squares,

S Sw,,, for the the within-source-two model

’ 1 - / 1 (no — 1)2 710 2,) 2
822A52 Z U;legm A52 S22 = ﬁ Z (gzzj - §22) (324)
j=

1=2 75210 —2) 75
= SSw,.,
—(2j) . : S
where séZJ), J € {1,...,np} is the mean value of scores that compare object j in source

2 to any other object in source 2, and S99 is as in (3.23). Again, by considering this
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term in conjunction with the total sum of squares for the considered model, given by
SSTotyy = 0_—222 Z?i;l D i1 (82525 — S92)? (this is the sum of the last two terms in

(3.19)), we can obtain an eigenvector-free estimate of the last bracketed term in S.S5,.

By using the results presented in Section 3.2.1, we obtain the following results.

Source of Variance df SS MS E(MS)
Within Source ng — 1 S Sy, M Sy, = Snsvfzf (no — 2)o2 + o2
Error Nap = 1o SSky = SStotyy — SSwyy MSp,, = gtz o2

Table 3.6: ANOVA table corresponding to SS9

Note that the results presented in table 3.6 are identical to those presented in table 3.5.

This phenomenon arises from the balanced nature of the design.

3.2.3 ALTERNATIVE REPRESENTATION OF S5,

Finally, we consider the terms in 5S;2, given by (3.20). All developments can
be found Appendix C. We proceed in the same manner as in Sections 3.2.1 and 3.2.2.

As before, we begin by re-writing the first term as

/ N
/ —1 I A —1 12 2
(812 = 0121y, ) Afy Vip,V1a, Agy (812 = O121wi) = —5= (512 = b12)”, (3.25)
12
where 515 is the average score observed for between-source comparisons between sources
1 and 2.
: -1/ 2no—1 _ « * -1 :
Next, we consider the structure of A, [ e U121'U12J A7, . Again, we can

write this second sum of squares as the within-source sum of squares, SSyy,, for the

between-source model

, 2no—1 , n2 no ;) 2 2.1 2
1=2 1279 5
= SSw,
where E%j ), j € {1,...,n0}, is the mean value of scores that compare object j in

)

L _(2) . .
source 1 to any other object in source 2, 8523 ,Jm € {1,...,n0}, is the mean value of

scores that compare object j’ in source 2 to any other object in source 1, and S5 is as
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in (3.25). Finally, by considering this term in conjunction with the total sum of squares
. . — 2 . .
for the considered model, given by SSror,, = 5= 351 D%, (51505 — 512)” (this is
the sum of the last two terms in (3.20)), we can obtain an eigenvector-free estimate of
the final bracketed term in SS72. By using the results of Cochran’s theorem presented

in Section 3.2.1, we obtain the following results.

Source of Variance df SS MS E(MS)
Within Source 2ng — 2 SSwi, M Sw,, = i:”f; neo? + o2
Error (o —1)* SSp,, = SSrur,, — SSwy, MSp, = ot o2

Table 3.7: ANOVA table corresponding to 5512

3.3 PARAMETER ESTIMATION

At this point, we would like to use the results presented in Sections 3.2.1, 3.2.2,
and 3.2.3 to estimate the parameters of our model; however, given the dependencies that
exist between the various developments, we must resort to sampling methods to obtain
posterior samples of the model parameters. In particular, we use a Gibbs sampler with
a Metropolis-Hastings step to study the distributions of our various parameters [14, 44].
Before defining the Gibbs sampler, we must first assign posterior distributions to the
model parameters (development of posterior distributions for o2, 6, and ¢, can be
found in Appendix F).

We begin by assigning posterior distributions for the variance terms, o2 and 2.
Because we have the constraint that 202 + az = 1 (see (3.6) in Section 3.1.2), we
can define a posterior distribution for one variance term, obtain posterior samples from
this distribution, and directly obtain the associated value of the other. In this case, we
choose to obtain posterior samples of o2, so as to exploit all information available in
Tables 3.5, 3.6, and 3.7. The value of 02 := (1 — 02)/2 then follows directly.

To define the posterior distribution of o2, we begin by collecting all sums of

squares terms defined in Tables 3.5, 3.6, and 3.7 to capitalize on all information related
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to the value of o2. We have that

SSWU B SSWH ~ 2 SSEu ~ 2
SSW22 B SSW22 o~ 2 SSE22 ~ 2
(ng —2)02 + 02 (no — 2) (1—20§> + o2 Xdf=no-1 o? Xdf=Naz—no
SSle _ SSle ~ 2 SSEIQ ~ 2
noo2 +o? ng (ngg) +02 tir=ano 2 o? Xdf=(no-1)®

and so we define

SS SS SSw,. SS SS SS
_ Wi + Wao + Wia + E1 + Eao + Ei2

MS.
5 CQ Cg Cl 03 CS C'3

(3.27)

2
~ Xdf=(no—1)+(no—1)+(2no—2)+(N11—no)+(Naz—no)+(no—1)2>

where

= no (1292 4 o2 Cy = (no —2) (152 + o2 Cy = o?
1 ="Ng 9 + o, 2—(’110 ) 3 + o 3 =0,

We can simplify (3.27) by considering a common denominator, such that

C1C5(SSw,, + SSwy,) + C2C3 (SSw,,) + C1Cs (SSE,, + SSE,, + SSEL,)

MS, =
5 C1C5C5

2
Xap=(230) -5

We now define the posterior distribution for the variance term, o> by considering a
likelihood for the M S, term, and assuming a Beta prior (since we have the constraint

that o2 < 1), such that

71— (JE‘MS€7a€7BS) X X2 (MSS‘O-7J§7QS7B€> B (Ug|ae7ﬁe) . (328)

where the dependence on o := {0, },;, in (3.28) is inherent in the construction of M S,
as a sum of the various sum of squares terms defined in Section 3.2.

Next, we assign the posterior distributions for the mean parameters, 611, 622, and



63

612, by considering Multivariate Normal likelihoods and assuming Normal priors, with

mean ¢;; and variance w;;/, such that

™ (911|811,011,03703’%1,&111) o MVYN (811|911,011703aUzaéf’lhwn)N(911\¢11,W11); (3.29)
7T (922|822,022702703,%2,&122) x MVYN (822|9227022702aUz,¢227w22)N(922\¢22,W22)% (3-30)

m (912|812,012,0270370512,0112) x MVN (812\912,0127027Uza¢127w12)-/\/(912|¢12,w12)7 (3-31)

where the resulting posterior distributions of equations (3.29), (3.30), and (3.31) are

Normally distributed. The parameters of the posterior distribution of #,; are given by

/ —1
1y, 27 811+ 11

15\111 2171111\711“‘111 +1

w11
/ -1 ’
1N11211 1N11w11 +1

2
pi1, = O11, =

the parameters of the posterior distribution of 6., are given by

/ -1
1y, 355 S22 + P22 JE Wa
22, T 4y —1 )
! 1N22222 1Ny, w22 + 1

N 13\,22 22_2111\/22&}22 +1

w22,

and the parameters of the posterior distribution of 6,5 are given by

/ —1
1y, %02 812 + P12 2 Wi
/ —1 / —1 '
Ty, Y05 Inwie +1 1y, 205 In,wie +1

K12, =

O12, =

Finally, we define the posterior distributions for the variance terms, 0;, 02,
and 0%,, by considering Multivariate Normal likelihoods and assuming Inverse-Gamma

priors with hyperparameters «;; and (3;;/, such that

m(o}1]811, 011,02, 02, 11, Bi1) o< MVN (s11]o11,011,02,02, a1, B11)IG (03 |an1, Bi1);  (3.32)
7T(U§2|8227922703,Uz>a227ﬂ22)OCMVJ\/(822|022,922,Ug»03704227522)19(052\0422,522); (3~33)

T(015]812, 012,02, 02, 12, B12) o< MVN (812|019, 012,02, 02, 12, B12)IG (03|12, Bi2), (3.34)



64

where the resulting posterior distributions of (3.32), (3.33), and (3.34) are distributed
according to Inverse Gamma distributions. The parameters of the posterior distribution
of 02, are given by

Nyy

a, = —(— +an Bi1, =

5 (811 — 0111ny,) 217 (811 — 011lny,) + B,

1
2

the parameters of the posterior distribution of ¢, are given by

(892 — 0221 ,,) 255 (892 — O201n,,) + oo,

N |

Qg2, = —(— + Q22 Baz, =

and the parameters of the posterior distribution of 0%, are given by

(812 — O121n,,) 21_21 (s12 — b121n,,) + Pr2-

N

Nig
12, = —(— + Q12 P12, =

The equations given by (3.32), (3.33), and (3.34) provide us with samples from the
posterior distribution of the variances, 0%,, 03,, and 0%,. We, however, are interested in
the standard deviation terms, 011, 092, and 012, and so we simply take the square root
of the sampled variance terms to obtain samples of the standard deviation terms. The
resulting inference is not affected.

Note that each of the distributions given in (3.28) through (3.33) depends on the
value of at least one other parameter; therefore, we must rely on sampling techniques
to study the distributions of the model parameters. We construct the following Gibbs

sampler, described in Algorithm 1.
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Algorithm 1: Gibbs sampler for generating posterior samples from the
distributions of the model parameters
Data: Initial values for all parameters at ¢ = 0; values for hyperparameters
Result: Posterior samples for all parameters
fort € 1:7T iterations do
1. Draw ag(t) s, MSét_l), o1 ., B, from the distribution defined in (3.28);
2. Define 52" = (1-— ag(t))/Q ;

3. Draw 6?1) |s11, aﬁ_l), O'Z(t), 03“), ¢11, w11 from the distribution defined in

(3.29);

4. Draw 0&2 |s22, Jgt;l), ag(t), ag (t), (22, woo from the distribution defined in
(3.30);

5. Draw (9?2) |s12, Jit;l), ag(t), og(t), ¢12, w12 from the distribution defined in
(3.31);

6. Draw aﬂt) |s11, 0?1), 02(”, cr?;(t), a1, 11 from the distribution defined in (3.32);

7. Draw agg) |s22, 0;?, ag(t), crz(t), (99, B29 from the distribution defined in (3.33);

8. Draw afg’) |s12, 0?2), ag(t), O'z(t), a3, 12 from the distribution defined in (3.34);

end

Because the distribution defined for o2 in (3.28) is not readily known, we cannot di-
rectly sample from this distribution. As a result, the first step in Algorithm 1 is not
so straightforward - indeed, obtaining a sample from the posterior distribution of o2
requires introducing a Metropolis-Hastings algorithm [14, 44]. This procedure is sum-

marized in Algorithm 2.

Algorithm 2: Metropolis-Hastings algorithm for obtaining a sample
from the posterior distribution of o2

Data: Value of 03 (t_l); values for hyperparameters o, ¢

)

1. Sample a candidate value, 02 ~ B(2, 00 2"~ Y)

2. Calculate the value of M .S using the candidate value o2* using (6.22);

3. Calculate the value of M Sét_l) using the current value a? (¢-1) (6.22);

4. Evaluate the density, f*, at o2* using the hyperparameters a. and 3., the value of
M S}, and (3.28);

5. Evaluate the density, f (t=1) at 03 (t=1) using the hyperparameters a, and ., the
value of MS{ ™", and (3.28);

6. Calculate the probability of acceptance, pgec =

Result: Posterior sample of afff

>

I B(U.Q(t—l)IQ’o.—%k)
f(t—l) B(O'Q* ‘270—20&—1))

7. Generate a random probability, p* ~ (0, 1);

8. If paee = p*, then define ag(t) = og*; otherwise define az(t) = US(H);

Now that we have identified a method for obtaining samples of the parameters

used to define 8, A, 02, and 02, we can assign the kernel Bayes factor,
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(s ) T (20)
v [ 0(8]82) w(Q)’ (3.35)

+ T_1€ Sy Qgt)
X (sd02f”) »

% Ztszl ¢ (3t|ﬂgl)>

where s, is the vector of scores that consider at least one trace object, the subscripts
on Q correspond to the model being considered, and Q") are posterior samples of the
parameters obtained using Algorithm 1. We consider the conditional log-likelihood of
the scores that consider objects of unknown origin from the set X, s;, rather than the
joint log likelihood of s, so as to not recycle the information contained in the scores s..,
which are used to sample the parameter values.

By constructing the vector of scores such that (3.8) is satisfied, we can define
K (x;j, ;) using virtually any type of kernel, so long as we adhere to the constraints

outlined in Section 3.1.

3.4 RECOVERING THE MODEL PARAMETERS

We now move to study the ability of the Gibbs sampler defined in Algorithm 1
to recover the true model parameters in an ideal situation. We consider the performance
of the model when objects are generated using the object model and the associated
scores are calculated using the non-stationary kernel (product of pairs of objects) given
in (3.5), and when scores are sampled directly from the proposed model given in (3.8).

We begin by considering the scenario in which scores are obtained by calcu-
lating the product of pairs of objects generated from the object model described in
Section 3.1.1. Doing so requires defining two mean terms, x4 and i, and two variance
terms o2 and 72, associated with the error terms, e1; and eg; in (3.3). As an example,
we consider p; = 3, up = 5, 02 = 0.15, and 72 = 0.23. From Table 3.2 we have that
pir =9, poe = 25, i1z = 15, 02, = 2.72 and 03, = 11.55.

We sample objects according to (3.3) to obtain 100 vectors of scores using (3.5).
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Then, using the model proposed above, we attempt to recover the model parameters
({11, f225 12, 011, and o92). Table 3.8 (column 1) shows the model’s ability to recover
the model parameters in this scenario.

We also consider the scenario in which the scores are sampled directly accord-
ing to (3.8). In this case, we directly build the mean vector and the covariance matrix
by using the values of the parameters 111, [t22, ft12, 011 and 09y reported in the previous
paragraph. Note that we do not include a “true” value for o5, given the discrepan-
cies described in Section 3.1.2. Instead, we use the parameters recovered for the object
model to reasonably define 0%, = 3. After defining these parameters, we directly sam-
ple 1000 score vectors from the model given in (3.8). The results of these experiments

are presented below in Table 3.8 (column 2).

Parameter ng Object Model Proposed Model

pm=9 5 9.00 8.94
10 8.95 8.97

15 8.96 9.00

figg =25 5 25.00 25.01
10 24.94 25.27

15 25.05 25.08

=15 5 15.02 14.95
10 14.94 15.04

15 14.98 15.02

0L, =272 5 2.44 2.72
10 3.04 2.68

15 3.26 2.78

0%, =1155 5 8.93 11.52
10 8.51 11.00

15 8.63 11.86

Table 3.8: Parameters recovered for the object model (see Section 3.1.1) and the pro-
posed model (3.8) for ng = 5,10, and 15 control objects.

Table 3.8 demonstrates that the parameters are better recovered when the scores
are directly generated from the model given by (3.8), than when they are generated from
the object model. This is to be expected. This is particularly true when we consider the
different variance terms, 0%1 and 0%2 (overall, there does not seem to be any issues

with the model’s ability to recover the mean parameters, fi11, {422, and fi12, under either
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scenario). There are two items worth noting when we recover the parameters for scores
generated using the object model. First, the initial variances defined by ¢ and 7 do
influence the ability of the model to accurately recover the parameters. That is, when
there exists large variation within a group of objects, the model does experience more

difficulties in recovering the variance terms o3, and 02,.
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Chapter 4

IMPLEMENTING THE TWO-CLASS MODEL-SELECTION

ALGORITHM

4.1 CONSIDERING THE MNIST HANDWRITTEN DIGIT DATA

In this section, we apply the proposed model to the pervasive MNIST Hand-
written Digit Data [39] to obtain some preliminary results. The MNIST Handwritten
Digit Data consists in approximately 70,000 observations of handwritten digits. Each
observation is a 28 x 28 pixel image of an integer, 0 through 9.

We analyze the performance of our model and compare its performance to that
of the classic Support Vector Machine (SVM) (we use the ksvm() function from the
kernlab package [38]), typically used for binary classification [12, 65, 74, 89, 90]. The
methods are inherently similar in that they both rely on calculating the inner products
between vectors in some feature space, and reduce the dimension of the information
that is stored and used to make a decision. However, while an SVM uses optimization
to characterize an optimal hyperplane in some high-dimensional feature space using a
set of support vectors, and classifies new observations according to which side of the
hyperplane they lie on (see Section 1.1.1), the proposed model directly studies the pa-
rameters of the Multivariate Normal distribution that characterizes the vector of scores,
and evaluates a Bayes Factor that compares the likelihood of observing the vector of
trace scores under each of the considered models, H; and H,. Finally, the SVM con-
siders some subset of the original vectors (i.e., the support vectors) to classify a new
point, while the proposed model considers a set of only 8 parameters, regardless of the

dimension, type, or quantity of data considered.
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According to the literature, the digit pairs 3 and 5, 2 and 6, and 7 and 9 are, typ-
ically, the most difficult for the SVM to distinguish. Thus, we have elected to compare
the abilities of the proposed model and an SVM to differentiate between the digits 3
and 5. For each model, we consider a radial basis function kernel, given that this kernel

has been shown to work well for SVMs on this data set.

4.1.1 ASSESSING MODEL PERFORMANCE

To assess the performance of the model, we consider a series of simulations in
which we consider ny = 5, 10, and 15 control objects per source, and n, = 3 trace
objects. For a series of simulations, we consider the performance of the models when a
fixed set of control objects is considered alongside 200 sets of trace objects (100 from
each source). That is, for a single iteration, we sample n, control objects from sources
1 and 2 (digits 3 and 5), and 100 sets of n, trace objects from each source, for a total
of 200 sets of trace objects. The two sets of ng control objects are used to determine
the source of the 200 sets of trace objects. This process is repeated 100 times, and the

average performance is assessed. The results are presented in Table 4.1.

SVM SVM SVM Proposed
"0 (Overall Performance) (Triplet Performance) (Voting Performance) Model Performance
5 73.18% 48.22% 74.90% 68.22%
10 78.34% 55.85% 85.68% 81.87%
15 83.50% 62.48% 89.32% 87.35%

Table 4.1: Performance of SVM versus two-class Model when ng = 5, 10, and 15 control
objects and n, = 3 trace objects for 100 iterations of the experiment. The overall
performance of the SVM gives the average percentage of correct classifications. The
triplet performance of the SVM gives the average percentage of sets of n, that were
correctly classified in their entirety. The voting performance of the SVM gives the
percentage of sets of n,, that would be correctly classified if a voting system were used
to determine the class of the set of trace objects. The performance of the Proposed
model gives the average percentage of sets of n, that were correctly classified.

The results in Table 4.1 present the results of the experiment described above.
We see that, as the number of control objects increases, the rates of correct classification
increase across all columns. Notably, Table 4.1 indicates that when we consider ng = 5
control objects, the overall performance of the SVM slightly out-performs the perfor-

mance of the proposed model. However, when we compare the triplet performance of
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the SVM to that of the proposed model, we see that the proposed model drastically
out-performs the SVM. When we move to consider ny = 10 and 15 control objects,
the proposed model outperforms the SVM both in terms of overall performance, and in
terms of the triplet performance. We do note, however, that when a voting system is
used to classify the set of trace objects (For example, suppose that the SVM classifies
the three trace objects as 3, 3, 5. Under the voting system, the entire set of trace objects
would be assigned class 3. Likewise, should the SVM classify the three trace objects
as 5, 3, 5, the entire set of trace objects would be assigned class 5), we see a more
comparable performance. In particular, we see that the difference between the voting
performance of the SVM and the performance of the proposed model decreases as we
move from ny = 5 control objects to ny = 15 control objects.

Finally, it is worth mentioning that the computational cost associated with each
model is different. Overall, the SVM is more computationally efficient. At this time, we
cannot directly compare the two models: first, the SVM package used in this experiment
is coded in C, while the proposed model is coded in R; second, the SVM is not Bayesian,
while the proposed model is, and so some inherent computational costs exist. That being
said, if a Bayesian alternative of the SVM were considered alongside the proposed
model, we can speculate that the SVM would remain more computationally efficient,
since the proposed model involves inverting a covariance matrix, which is a step that is

not required by the SVM.



72

Chapter 5

DISCUSSION ON THE TWO-CLASS MODEL SELECTION

ALGORITHM

In this part, we considered the development for a two-class classification algo-
rithm that allows for making inference on the source of a set of test objects known to
originate from one of two potential sources. This method is novel in that it allows for
classifying the complete set of objects at once, rather than classifying each object in
turn. This method relies on a kernel function, which allows for considering virtually
any set of high-dimensional, complex, heterogeneous data as a single vector of real-
valued scores between observations by merely modifying the kernel to accommodate
the considered data. In addition, our method is particularly well-suited for scenarios in
which a limited number of observations are available for consideration.

An evaluation of the performance of the proposed model indicates that the model
performs well when as few as 5 control objects are considered for each source. As we
increase the number of control objects per source, the model’s performance continues
to improve, though at an increased computational cost. Operationally speaking, there
is not much benefit from considering more than 10 control objects per source in that
the prediction ability of the model does not significantly improve in considering more
control objects, and that the computational cost of the algorithm remains manageable
at ng = 10 control objects. Finally, comparing the performance of the proposed model
to that of the traditional SVM indicates that the proposed method has superior classi-
fication ability. This performance indicates that the model works well in the two class

scenario, and that extension to the multi-class scenario is reasonable.
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Part 111

A Multi-Class Model-Selection
Algorithm for High-Dimensional

and Complex Data
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OVERVIEW OF PART III: A MULTI-CLASS MODEL SELECTION ALGORITHM
FOR HIGH-DIMENSIONAL AND COMPLEX DATA

In this part, we develop the theory and implementation for an n-class kernel-
based model-selection algorithm. In Chapter 6, we define the problem and develop the
algorithm that allows for determining which of n classes is more likely to have produced
a set of trace objects. In addition, we propose a method for studying the parameters of
the proposed model, and a sampling algorithm that can be used to study the distributions
of the considered parameters.

In Chapter 7, we implement the proposed model on the MNIST hand-written
digits data that is commonly used to evaluate the performance of pattern recognition
algorithms.

In Chapter 8 we discuss the benefits and limitations of the proposed n-class

model.
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Chapter 6

DEFINING THE MULTI-CLASS MODEL-SELECTION PROBLEM

We move to extend the results of the two-class model-selection algorithm to
propose an n-class model selection algorithm that allows for simultaneously determin-
ing the class of a set of objects. Given n sets of ng objects, { X;}",, where each set
of objects is known to have originated from n distinct sources, and a set of n,, objects,
X, known to have originated from one of the n sources that produced the objects ob-
served in {X;}" ,, we are interested in determining which of the n sources is most
likely to have generated the set of objects observed in X,,. Formally, we are interested

in determining if

H, : X, 1s a simple random sample from the source that produced X;

‘H, : X, 1s a simple random sample from the source that produced Xy;

‘H,, : X, is a simple random sample from the source that produced X, .

As discussed in Chapter 3, differentiating between these propositions cannot
be reduced down to a simple classification or model-selection problem that can be ad-
dressed using machine learning or likelihood-based techniques. As before, small sam-
ple sizes rule out many machine learning techniques, and high-dimensional, complex,
or heterogenous data make it impossible to assign the necessary probability measures
for assigning Bayes factors or performing likelihood-based inference.

We propose a model that leverages the properties of kernel functions (see Chap-
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ter 1) to obtain a vector of scores, s, that characterizes pairwise comparisons of all
objects observed in { X}, and X,. This vector consists of within-source scores,
which arise when compared objects originate from a common source, and between-
source scores, which arise when compared objects originate from different sources.
The model capitalizes on the variability that exists within and between these sets of
scores to address the above inference question. Because the method relies on a kernel
function, the method can be tailored to any type of data by merely modifying this func-
tion, and the overall inference process remains the same. Furthermore, the model relies

only one assumption, which can be satisfied through the design of the kernel function.

6.1 PROBLEM STATEMENT

Consider n sets of exchangeable observations, X1, Xs, ..., X,,, made on n dis-
tinguishable sets of objects, and the set of exchangeable observations, X, made on
objects of common but unknown origin. The sets X, Xo, ..., X, are considered to be
sets of control objects, while the set X, is considered to be a set of test objects. We

define the sets X1, X5, ..., X, and X, as being simple random samples,

Xl = {wl,la 1’13172, s 7w1,n0}7
Xy = {332,1, L22;- - 7w2,n0}7
Xn = {wn,ly Lp2,--- 7mn,no}7
Xu = {wu,h Ly,2y - - - 7m1,nu}7

where the sets of control objects consist of ng objects from their respective sources,
and the set of test objects consists in n,, objects known to originate from one of the n
sources represented by the observations in X, X5, ..., or X,,. We are interested in
quantifying the extent of support provided to H1, ..., H, above.

Rather than consider the observations themselves, we instead consider the vec-

nno+ny

A ) obtained by comparing the m-

tor of all pairwise scores, s € RY, N = (



7

dimensional observations in the sets { X;} ; and X, via some kernel,

k:R™— R,

k(i xpj) = (P (ij) , ¢ (iryr)) 4,0 €{1,...,n,u}, 7,7 € {1, ..., max{no,n,}},

where ¢ is a mapping into some separable, high-dimensional Hilbert space [12, 65, 71,
74]. As before, s;; ;5 18 the score obtained by comparing object x;; to object &/ ; using
some kernel function x (see Definition 2 in Section 1.1).

We define our kernel function such that our vector of scores is distributed ac-

cording to a Multivariate Normal distribution, with

s~ MVN (0,%) (6.1)

where 0 is the vector of the mean terms, and X is the covariance matrix associated with
the vector of scores (see Section 9.5 and Chapter 10 for a discussion on the validity
of this assumption, and the implications when this assumption does not hold). These
parameters will collectively be referred to as 2 := {0, X}, and we will more explicitly
define @ and ¥ as we move through the chapter. We can assign the posterior proba-
bility that the set of trace objects X, was generated by the source characterized by the
objects in the set X in terms of the Multivariate Normal Likelihood and the associated

parameter €2, such that

fﬂ s|Q’H dIl ()

™ (Hi|8, Q)
leﬂ' fﬂ s|Q, Hy) dIL (R2)
_ fQ (s]€2;) dII (Q ) 6.2)
=1 7T fﬂ Slﬂ <QZ,)
It is worth noting that there exist differences between Q;,i = {1,...,n}. While

the individual elements of each of the parameters 8; and X; are restricted to the same
set of potential values, the structures of the mean vectors and covariance matrices de-
pend on which H; is being considered. That is, when #; is being considered, then the

parameter €2; considers that the set of unknown objects X, originates from the source
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of the objects contained in X;. Then, scores of the form s,;,;, and s,;;;; will all be
considered as “within-source” scores, and scores s,,; ;7 will be considered as “between-

source” scores.

6.1.1 COVARIANCE STRUCTURE FOR THE OBJECT MODEL

As before, we can investigate the covariance structure for a vector of scores by
considering a univariate object-based model. Consider an object x;; defined in terms of

the linear model given by

Tij = Wi + €5, (6.3)

where 11; is the overall mean of class i € {1,2,...,n}, and e;; ~ N (0,07). Scores
can be studied by choosing the stationary and non-stationary kernels (first presented in

Section 3.1.1 as (3.4) and (3.5)), given by s .., and s} respectively:

ij,i'j ig,i'§'?

As before, we can directly examine the mean and covariance terms associated
with these two kernels by calculating the various terms that arise from the different
possible score combinations. Table 6.1 provides the different parameter values under
the two kernel functions, (6.4) and (6.5) given above.

Table 6.1 indicates that the covariance structure varies depending on whether a
stationary or non-stationary kernel is used to obtain the vector of scores, s. For example,
we see that there are five unique covariance scenarios that can occur when a stationary
kernel is considered, versus six unique covariance scenarios that can occur when a non-
stationary kernel is considered. Furthermore, we have that some of the terms associated
with the stationary kernel are relatively straightforward functions of each other (e.g.,
20¢ is a fraction of 8¢}). In addition, the covariance terms that arise when a non-

stationary kernel is considered depend much more on the means of the different sources.
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Finally, we note that the zeros occur in the same positions for the stationary and non-

stationary kernels.

Description of Considered Scores Score 1 Score 2 Stationary Kernel (6.4) Non-Stationary Kernel (6.5)
Expected Value Terms
Within Source 1142 - 207 w2
Between Source ili'l - (i — )’ + 02 + 72 i fbir
Covariance Terms
Both Within Source, Two Common .. . . 4 2 9 4
Objects 11i2 1172 80 2uio; + o;
s . . 5 s
Both Within Source, One Common Ob ili2 ili3 204 ulo?
ject
Vithi rce, N -
Both Within Source, No Common Ob ili2 i3id 0 0
jects
Both Between Source, Two Common . . L 5 5 p Sl
Objects ' A1 4 — ) (02 + 03) +2(0% + o) Ko} + pio? + ofol
Both Between Source, Two Common
Sources, One Common Object from 417’1 i17'2 4 (i — i)’ 02 + 208 pio?
Source i
Both Between Source, One Common
Source, One Common Object from 41l i1 A — ) (s — pgr)o? + 20 Wit 2
Source i
Bo‘qh Between Source, No Common i 20’2 0 0
Objects
Both Between Source, No Common il S0 0
Sources
Within Source i, Between Source, One .. . o 4 5
Common Object from Source i ini2 i 20 Hite oy
Within Sour(?0 i, Between Source, No i1i2 i3i'l 0 0
Common Objects
Within Source i, Between Source, No ili2 i’ 0 0
Common Sources
e SR 7
Within Source i, Within Source ¢/, No 159 142 0 0

Common Objects

Table 6.1: Expected value and covariance terms obtained for the object-based model for
each type of score comparison when a stationary kernel (e.g., (6.4)) and non-stationary
kernel (e.g., (6.5)) are considered. Column one provides descriptions of each type of
comparison that may be observed; columns two and three provide examples of indices
for scores that could be compared in each situation; columns four and five present the
parameter values obtained under the stationary and non-stationary kernels given by

(6.4) and (6.5).

6.1.2 DEFINING A SCORE-BASED MODEL

Suppose, now, that we expand upon (6.1) and define our vector of scores such

that

s~ MVN (0,X) = sy NN(QW,UZ-,)

ijirg' — G
Sigitgt — Vit ~N(0,1)

O

(6.6)

where the parameters 6;;; and o;;; are the means and variances associated with the dif-

ferent comparisons that may be considered by a given score. That is, each score in the

vector of scores is either a within-source 7 comparison, or a between source ¢ and 7’
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comparison. For example, consider a score s;; -, in which ¢ = 7', and so 6;; gives us
the expected value of scores that compare any two objects in X;. Likewise, when i £ i/,
0, gives us the expected value of the scores that compare an object in X; to an object
in X;/. The parameter o;; can be similarly defined for the standard deviation terms.
From here, following the work of Gantz and Saunders, and Armstrong [35, 6,
26], and the development in Section 3.1.2, we choose to define the standardized scores
from (6.6) according to a random effects model
Surd 0 e, (6.7)
O
where, as before, a;; and a;; are random effects such that a;;, a;j; ~ N (0, 02), and
€45,y 18 a lack-of-fit term, such that €;; ;1 ~ N (0, ag). Furthermore, from (6.6), we

have that 202 + o2 = 1. Finally, we rewrite the model in terms of s;; ;/;/, such that

Sijargr = Osr + i (Qij + agrjr + €i550)

and so, given the distributional assumptions associated with (6.6) and (6.7), we define

the distribution of our vector of scores to be

s~ MVN (60,A (PP'o. +Ic2) A'), (6.8)

where 60 is a vector of length /V of the mean terms given by 6,7, and A isan N x N
diagonal matrix of the standard deviation terms given by o;. The design matrix P
describes the effects of the objects being compared for each score considered in the
vector s. As before, for each of the nngy + n, rows of P, a one is placed in the columns
associated with the labels of the objects being compared in that row, and zeros are
placed in the remaining columns.

The likelihood function in the numerator and denominator of (6.2) can be rep-
resented using the distribution given in (6.8). As explained in the introduction of Sec-

tion 6.1, we have that the structure of the mean vector and covariance matrix depend on
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which H; is being considered. See Figure 3.1 for an example when n = 2 classes.

Description of Considered Scores Score 1 Score 2 Object Model (6.5) Score Model (6.8)
Covariance Terms
Botih Within Source, Two Common i1i2 i1i2 2u20% + o o2 (202 + 02)
Objects ' g " ’
Both Within Source, One Common Ob- i1i2 i3 1do? o232
ject
Both Within Source, No Common Ob- i1i2 i3id 0 0
jects
Bot.h Between Source, Two Common i i 1202 + 1202 + 020 o2, (202 + o2)
ObJeCtS 7 ('} 7 2 e
Both Between Source, Two Common
Sources, One Common Object from ild'l ili'2 uio? 02,02
Source i
Both Between Source, One Common
Source, One Common Object from 41s'1 i1i"2 Wir g 02 Ot O 02
Source i
Bot.h Between Source, No Common i 219 0 0
Objects
Both Between Source, No Common i S 0 0
Sources
Within Source ¢, Between Source, One i1i2 i1 or? o
Common Object from Source i Hittie 9 W0t
Within Sourc.e i, Between Source, No i1 i3l 0 0
Common Objects

ns .
Within Source i, Between Source, No i1i2 i1 0 0
Common Sources
Within Source 4, Within Source ', No i1i2 1’2 0 0

Common Objects

Table 6.2: Comparison of Covariance terms in Object Model defined according to (6.5),
and Score Model defined according to (6.8).

As in the two class model, it is worth noting that the covariance matrix defined
in (6.8) is not equivalent to that of the object model described in Section 6.1.1. This is
due to the fact that the covariance matrix in Section 6.1.1 considers a single term o;;/ to
describe the relationship that occurs when a score involves an object from source ¢ and
an object from source i’. For the covariance matrix in (6.8) to coincide with that defined
in Section 6.1.1, we would need to define two terms, o;;» and o, that describe the effect
when the object in common between two scores comes from source ¢ versus from source
i'. For example, consider a pair of scores s;1 ;o and s;1 ;1. To appropriately capture the
covariance that exists between these two scores would require defining a term o;;/, since
the common object between the scores comes from source 7. Likewise, a pair of scores,
si1#1 and sy 2, would require defining a term oy/;, since the common object between
the scores comes from source i’. Note that such a pair of standard deviation terms would

need to be defined for each of the (72‘) possible combinations of sources. As a result, the
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covariance terms of the score model in rows 4-6 and 9 of Table 6.2 do not necessarily
have a direct counterpart in the object model.

However, despite these discrepancies, we choose to move forward with the
model given by (6.8). While the covariance matrices of the object and score models
may not be exactly the same, their structures under each H; remain sufficiently similar.
Furthermore, as we will see below, an elegant solution exists for studying the parame-

ters of the model given by (6.8).

6.2 MODEL DEVELOPMENT

Assigning the posterior probability in (6.2) requires estimating the parameters
{0:i }iirs {04 }irs 02, and o2 using the information contained in the vector of scores s.
To study these parameters, we follow the development described in Part II, and subset
the vector of scores to define s., which includes only the comparisons between the

control objects contained in the sets { X}, and so is a vector of length N, = ("°).

2

We can then use s, to define the total sum of squares

SSret = (sc—0.) [AA] " (s.—8,)

= (A7 (s.—0.) (A (s.—6.)) (6.9)

where 0. is the N, vector of score means, ¢;;;, and A, is the N. x N, diagonal matrix
of the score standard deviations, o;;, associated with the scores s..
Following the development in Section 3.2, we apply Cochran’s theorem (see

Theorem 2 in Section 3.2) to § = (A ! (s. — 6.)), and rewrite (6.9) as
Ne
SSpo =8I5=3 [Z vlv;] 5 (6.10)
=1

where {v; };,{ = 1,..., N, is any orthonormal basis for RNe. Furthermore, we consider
asetof n+ (’2‘) diagonal design matrices, By, 4,7’ € {1,...,n}. Each of these matrices

is an idempotent N, X /N, matrix whose diagonal matrix can be partitioned into n + (g)
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segments.

The first n segments are each of length (”20), and are each associated with one
considered source. The remaining (’;) segments are each of length n2, and are each
associated with one of the possible combinations of sources. Note that n(”;’) + (g) ng =
N.. When we are considering a within-source comparison (: = i), the matrix B;;
has ones in the segment of length (”20) that correspond to the i** source, and zeros
elsewhere. When we are considering a between-source comparison (i = '), the matrix
B;; has ones in the segment of length n2 corresponding to the comparison between
source 7 and 7', and zeros elsewhere.

As an example, let n = 3, ng = 4. Then we have n + (g) = 6 matrices,
consisting of n = 3 within source matrices, By, B, B33, and (’2‘) = 3 between source
matrices, B1s, B3, Bos. These six matrices are displayed in Figures 6.1 and 6.2. Since

B, Bys, ..., By, ..., B, sum to the identity matrix, we have that

SSre = & | Buw |I|) B3

= &) _BuIBy |3

Ne

= g/ E Bii’ E UZ'Z'/’UQZ-/ Bii’ s
4,3

=1

1e{1,...,n} i<i'e{l,...,n}

where {v}, [ = 1,..., N, are different orthonormal bases spanning RYe, and will be
discussed in more detail in later sections. The matrices B;; effectively activate different
parts of the vector s, according to the different source comparisons. In particular, we

have:

(1) By;s. allows us to consider only the positions of s.. that correspond to some within-
source comparison, so that s.B;;S. gives us the corresponding within-source sum

of squares. Recall that B;; I B;; = B;;, and note that B;; has rank r;; = (”20)

(2) B,y s, allows us to consider only the positions of s, that correspond to some between-
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source comparison, so that s.B;; S, gives us the corresponding between-source sum

of squares. Recall that B, I B;;; = B;;;, and note that B;;; has rank r;; = n%.

Thus, we have defined the total sums of squares in terms of the various source compar-
isons that exist within our vector of scores. Bearing in mind that the goal is to find a
way to estimate the parameters of the distribution given in (6.8), we note that this de-
composition of the total sums of squares allows us to independently study the mean and
variance terms, 6;; and o;;, associated with their respective source comparisons. Note
that we can choose the orthonormal bases in (6.11) to be any orthonormal bases, and,
in particular, we can choose these orthonormal bases to be the normalized eigenvectors

for the following matrices. We choose to define

‘/ii = Bzz (PCPC,O'g + ICO'S) BZZ (612)

for the matrices V;, corresponding to within-source comparisons, and

Vie = By (P.Plo.+1.02) By (6.13)

for the matrices V;;; corresponding to between-source comparisons.

As in Section 3.2, choosing V;; and Vs to be a function of 3, := PcPc’UngICJE
is advantageous in that it introduces the parameters o2 and o2, and so provides a means
for studying these parameters. Second, defining V;; and Vj;s in terms of B;; and B,
allows us to take the relevant parts of 3. with respect to each source comparison by
activating only the rows and columns of ¥, corresponding to the considered source

comparison.
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V.,

Eigenvalue (v;;,) ~ Multiplicity (my,, ) Eigenvectors (vy;,)
2 (n() = 1) Ug + Uz 1 Vi, such that Vgiviil = Vjiy Vig,
(no — 2) 0’3 + O'g ng — 1 Vi, such that ‘/iiviil = Vjiy Vs,
Ug (7120) — Nyg Vi, such that V;Z-vn-l = Vjiy Vi,
0 Nc - (7"020) Vij, such that ‘/iiviil = Vi, Vi,

Vit

Eigenvalue (v;;;) ~ Multiplicity (m,,iig) Eigenvectors (v;;)
2ngo2 + o2 1 Uyt such that V;i/viig = Vij!, Uyt
noo? + o2 2ng — 2 Uyt such that Vii/viig = Viit, Uyt
o2 (ng —1)* vy such that Viyvyy = vy vy
0 N, —nj Vit such that V;i/vi,-z = Vig!, Vit

Table 6.3: Eigenstructure of design matrices for within-source comparisons, V;;, and
between-source comparisons, Vj;s in (6.12) and (6.13)

We can study the eigenstructure of the matrices B;; (P.Plo? + I.0?) By for
each source comparison (see Table 6.3). This study reveals the presence of multiple
subspaces for each of the considered eigenspaces. This allows us to decompose each of
the sums of squares in (6.11) as another sum of squares. For within-source comparisons,

we have that

N. no ("9) N.
s.Bi; |:Z Uiilvz{z‘l:| Biisc = $cBii |vi v, + Zviilv;iz + Z Vi Vi, + Z vii vy, | BiiSe
=1 L =2 l=ngp+1 l=("20)
i no Nii
= 8cBii |vi v, + Z'Uiz‘l'vgil + Z Vi Vi, | BiiSe,
L =2 l=np+1

where N;; = ("QO)W is the number of eigenvectors associated with non-zero eigenval-
ues, and is also the number of “interesting” eigenvectors v;;,. In particular, we have
that the elements that are equal to one correspond to the dimensions whose associated
eigenvalues are zero. These vectors form the standard basis for the null space of the
corresponding matrix, and correspond to the rows of B;; that are equal to the zero vec-
tor. As an example, we consider the matrices that result when n = 3 and ny = 4. The
first row of Figure 6.1 displays the heat maps of By, Bss, and Bs3. The second row
displays the heat maps of the matrices of eigenvectors of Vi1, Vs, and Vi3. Note that
the IV;; x IN; patchwork matrices within each of the V;; matrices correspond to the non-

zero rows of the corresponding B;; matrices. Because the placements of the nonzero
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elements in these eigenvectors correspond to the zero elements of the diagonals in the
associated B;; matrices, the product of the B;; matrix with these sets of eigenvectors

results in a zero-valued sum of squares.

By Bz Bas
Viy V22 Va3

Figure 6.1: Heat maps for within-source B;; matrices (top) and eigenvectors of associated
V;; matrices (bottom) when n = 3 and ng = 4. The N;; x N;; patchworks correspond
to eigenvectors with non-zero elements. The remaining columns correspond to vectors
with one non-zero element (in red), and are associated with zero-valued eigenvalues.

Similarly, for between-source comparisons, we have that

Ne ("p)-1 nj Ne
ScBiy [Z Un';’U;i;] Biysc = ScBiy ’Uiifl’U;ifl + Z vii;v'/ii; + Z ”n‘{"’gig + Z vii;’”;i; B s.
=1 i =2 l=("2°) I=n2+1
("20)_1 Ny
= s.B,y vii’lvgi’l + Z Vii/ 'ng'; + vii;v;ii B;irse
| = =()

where N,y = n2Vii' is the number of eigenvectors associated with non-zero eigenval-
ues, and is also the number of “interesting” eigenvectors v;;;. In particular, we have
that the elements that are equal to one correspond to the dimensions whose associated
eigenvalues are zero. These vectors form the standard basis for the null space of the cor-

responding matrix, and correspond to the rows of B;;s that are equal to the zero vector.
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The first row of Figure 6.2 displays the heat maps of B, Bi3, and Bss. The second
row displays the heat maps of the matrices of eigenvectors of Vi, Vi3, and Vo3. Note
that the N;; x N, patchwork matrices within each of the V;;; matrices correspond to
the non-zero rows of the corresponding B;; matrices. Because the placements of the
nonzero elements in these eigenvectors correspond to the zero elements of the diago-
nals in the associated B;; matrices, the product of the B;; matrix with these sets of

eigenvectors results in a zero-valued sum of squares.

Bi Bis By
Viz Vis Vas

Figure 6.2: Heat maps for the between-source B;; matrices (top) and eigenvectors of the
associated Vj; matrices (bottom) when n = 3 and ng = 4. The N, x N;;» patchworks in
the correspond to eigenvectors with non-zero elements. The remaining columns corre-
spond to vectors with one non-zero element (in red), and are associated with zero-valued
eigenvalues.

This decomposition is favorable in that studying the relevant parts of the eigen-
decomposision of X, is equivalent to studying the eigen-decomposision of the relevant

parts of 3. That is,
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N,

n Nii
5. By v;;, V., | Biis. = 8 vl vl | 5
cDit i1y Vi, 1woc %) 11 i 2
=1

=1

N, Ny
< / 5 < « x|
s.B E Vi Vi | Birse = 8y g Vi Vi | Sii
=1 =1

where vy;, are the eigenvectors of the V;; X N;; matrix formed by considering the non-
zero rows of the columns associated with the non-zero eigenvalues of Vj;, and v}, are
the eigenvectors of the N, x N;; matrix formed by considering the non-zero portions
of the columns associated with the non-zero eigenvalues of V;;;. This is equivalent to
considering only the indices of 3. that correspond to each source comparison. That is,
v;; are the eigenvectors of

Y = P, Py

1)

o2 + I;02, (6.14)

the matrix formed by considering the rows of 3. associated with some within-source

comparison, and v}, are the eigenvectors of
l
o 2 2
i = Py Pyo, + Lo, (6.15)

the matrix formed by considering the rows of 3. associated with some between-source
comparison. In addition, we have that s;; = (Ay; (s; — 0:i1n,,)), where A;; is the
Nji x Ny portion of A, that considers o, and 87 = (A (s — 0;#1n.,)), where

Ay is the Ny X N portion of A, that considers ;.
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i
Eigenvalue (v4;,)  Multiplicity (my,, ) Eigenvectors (vy;))
2 (ng — 1) 02 4 o2 1 v = \l/ljvvi
(no —2) 02 + o2 ng — 1 v} such that 3;v}; = v, v}
ag Ni; — ng v;l such that vaul Viig'v;"il
i
Eigenvalue (VM»;) Multiplicity (myn_g) Eigenvectors (’U;;)
2n002 + 03 1 ’U;‘i,l = \1/%
noag + 03 2ng — 2 v} il such that X;;v?, ;= Vi /'v i
o2 (ng — 1)2 v, such that 3 v} 0= 1/”/31}”,

2

Table 6.4: Eigenstructure of design matrices ¥;;, and X, in (6.14) and (6.15)

These results follow from using the B;; and B;; matrices to activate certain
areas of the vector s, and the matrices V;;, Vj;, i.e., introducing the matrices B;; and
B;;r allows us to activate the parts of s. and X, that correspond to the different source
comparisons. Rather than considering a sparse N, vector alongside a sparse N, X N,
matrix, we can directly consider the interesting parts of the vector and matrix by con-
sidering the associated N;— or /N, —dimensional vector and N;; X N;; or Ny X Ny

dimensional matrix. Thus, we can explicitly define the sums of squares such that

SS; = (Af (sii — I(vf”v“l ) (Af (80— 0iiln,,)) +

no
U’Lll vlll
=

A
2
1 L ot
(A (8” 9221N Z ’U”I’U“L (8” 9211N ))

l=no+1

(%)

0iiln,,)
(A7 (85— 0iiln,,) "(sii — Ouln,)) + (6.16)

for within-source comparisons and

S = (A5 (s~ Outn,)) (o) (AR (s — 0utn,)) +
, (n20)71
(A;i,l (8“‘/ — 9“/1]\7”,)) ’U;;’U;/ (A;,l (Sii’ — 9“‘/ ]-N”/)) + (617)
=2
N,

(A5 (s = 0121n,) | Do whyvly’ | (A (sie — Girly,,))
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for between-source comparisons, where the degrees of freedom for each line of (6.16)
and (6.17) are equal to the multiplicities of the associated eigenvalues in Table 6.4, and

the total sum of squares remains as in (6.9). It is trivial to show that

i=1 Ll=1

S5 S

i=1 i'=i+1 LI=1

In the following sections, we analyse the three terms that make up the sums of squares
defined in (6.16) and (6.17) so that we can write each term without the use of eigenvec-

tors.

6.2.1 ALTERNATIVE REPRESENTATION OF WITHIN-SOURCE SUMS OF
SQUARES

We begin by studying the individual terms in the within-source sums of squares
terms of the form given by (6.16). All developments can be found in Appendix D. We
re-write the first term as

/ 1 % % Nii — 2
(81 = Ouily,,) Ay 03,035, Ai (810 = Vi) = —5 (i = 0id)” (6.18)
where s;; is the average score observed for the within-source comparisons from source
i. Recall that N;; = ("0), Vi € {1,...,n}.
Next, we consider the structure of the sum given by A, v [ 12y U, 'v;/l} Al

Following the development by [6], we can write this second sum of square as

/ A—l/ i * %/ A—l (TLO - 1)2 i (7(%’) —= )2 (6 19)
S5 Vi, Vii i Sii = ooy S — Si .
= o5 (no —2) =
= SSw,
where EZ(J”) ie{l,....n},j € {l,...,ng} is the mean value of scores that compare

object 7 in source ¢ to any other object in source ¢, and s;; is as in (6.18). The final re-
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sult, given by (6.19), gives the within-source sum of squares for within-source 7 model.
By considering this term in conjunction with the total sum of squares for the consid-
ered model, SSr.,, = Z”O ! Z],_JH (8iji57 Eii)Q (this is the sum of the last two
terms in (6.16)), we can obtain an eigenvector-free estimate of the last term in S.S;; by
considering S'St.t,, — S Sw;,, (see Table 6.5). By using the results of Cochran’s theorem

presented in Section 3.2.1, we obtain the following results.

Source of Variance df SS MS E(MS)
Within Source ng — 1 SSw,, MSw,, = *‘;Wu (no — 2)o2 + o2
Error Nii — Ny SSE” = SSTot“ - SSW“ ]\/[SE“ = ]5 Eno O'z

Table 6.5: ANOVA table corresponding to within-source sums of squares, SS;;

6.2.2 ALTERNATIVE REPRESENTATION OF BETWEEN-SOURCE SUMS OF
SQUARES

Finally, we move to consider the terms in the between-source sums of squares
terms of the form given by (6.17). All developments can be found in Appendix E. As
in the common-source sums of squares development, we rewrite the first term as
Niy

v ’U /’U /A (Sii’ - 9“/1]\/‘”,) = 5 (gii’ - 9“'/)2, (620)

[

!/
(sir — Oiln,, ) A
a4’
where 5;; is the average score observed for between-source comparisons between sources
iand 7.
i1) i) i

Next, we consider the structure of the sum given by Al._i,l [ f’;gfl v fui",',} AL

As before, we can write this second sum of squares as

2no—1 n2 no i) 2 no (') 2
/ (75 — (250 —
sii/A |: Z v*/v " :| “/ 8” = 02 (?no Z (S“,J — Sii’) + Z (S”/J - 5ii’> (621)
i3/

j'=1 Jj=1
= SSw,,,

where 327), i€{l,...n},7 € {1,...,np} is the mean value of scores that compare
. . 4 S I ) I
object j in source ¢ to any object in source ¢’, 5,/ is the mean value of scores that

compare object j' in source ¢’ to any object in source i, and S;; is as in (6.20). The
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final result, given by (6.21), gives the within-source sum of squares for between-source

i,1' comparisons. By considering this term in conjunction with the total sum of squares
. —1 — N2

for the considered model, SSry , = U%/ > iy (Sijary — Bi)”, we can define

an eigenvector-free estimate of the last term in S'S;; by considering SSro,, — SSw.,.

By using the results of Cochran’s theorem presented in Section 3.2.1, we obtain the

following results.

Source of Variance df SS MS E(MS)
Within Source 2ng —2  SSw, MSy,, = iiwj’é neo? + o2
Error (no—1)2 SSp, = SSra,, — SSw,, MSp, = ot g2

(no—1)2

Table 6.6: ANOVA table corresponding to between-source sums of squares, SS;;

6.3 PARAMETER ESTIMATION

At this point, we would like to use the results presented in Sections 6.2.1 and 6.2.2
to estimate the parameters of our model; however given the dependencies that exist
between the various parameters, we must resort to sampling methods to obtain poste-
rior samples of the model parameters. In particular, we use a Gibbs sampler with a
Metropolis-Hastings step to study the distributions of our various parameters [14, 44].
Before defining the Gibbs sampler, we must first assign posterior distributions to the
model parameters (development of posterior distributions for {6y}, {oii }ir, and o2
can be found in Appendix F).

We begin by assigning posterior distributions for the variance terms, o2 and 2.
Because we have the constraint that 203 + ag = 1 (see (6.6) in Section 6.1.2), we can
define a posterior distribution for one variance term, obtain posterior samples from this
distribution, and directly obtain the associated value of the other. In this case, we choose
to obtain posterior samples of o2, so as to exploit all information available in Tables 6.5
and 6.6. The value of 02 = (1 — ¢2)/2 follows directly.

To define the posterior distribution of o2, we begin by collecting all sums of

squares terms defined in Tables 6.5 and 6.6 to capitalize on all information related to
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the value of o2. We have that

SSw

1%

SSw

i1

SSEM 2
~ Xdf=N,;1—no»

(ng —2)o2+02 (no — 2) (1—203) + 02

2
~ X _ _
df—no 1 O_g

for each of the n within-source comparison sums of squares terms and

SSw SSw ., ) SSp )
Toio? T 53 ~ Xdf=2no—2 o2 ™ Xdf=(ng—1)2
noo<a+og n0(1_2“5)+a2 aé =(no

e

for each of the (72‘) between-source comparison sums of squares terms, and so we define

n—

" /SSw. SSg.
M e — kX2 kX2
S Z <02 + o > +

i=1

1 zn: (SSW”-/ N SSEH,>
C C
i=1 i'=2 ! 3 (6.22)
~ X2
df =n((no—1)+(Ny —n0))+(3) (2n0—2)+(no—1)?)’

where

We can simplify (6.22) by considering a common denominator, such that

MS. = C1Cs (Z?ﬂ SSWVL'L) + 205 (ZZZf =2 SSWM/) + G0 (ZL SSp; + E;L:ll Dir—a SSEW)

C1C2C3

Xap=(730) ()

2 2

We now find the posterior distribution for the variance term o2 by considering a
likelihood for the M S, term, and assuming a Beta prior (since we have the constraint

that 02 < 1), such that

T (0§|MSe, o, ae,ﬁe) x x2 (MSAUE7 o, ae,ﬂe) B (ag\ae,ﬁe) , (6.23)

where the dependence of M S, on o := {0y}, 4,7 € {1,...,n}, in (6.23) results

from the construction of M .S, as a sum of the various sum of squares terms defined in
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Section 6.2.
Next, we assign the posterior distributions for each of the mean parameters 6;;,
i,i" € {1,...,n}, by considering a Multivariate Normal likelihood, and assuming a

Normal prior with mean ¢;;; and variance w;;s such that
0. |8 Giir G2 T2 Bt i MVYN (8::010::0 05 02 5% biir it YN (i1 |Biiriwss 6.24)
Tl'( 11/|SZ’L/7UZ’L/7UU,7Uead)lz’awm’) (08 (Szz’| zz’ao'm’ao'aao'e7¢zz/7wzz’) ( zz"ézz’wu’) ( .

where the resulting posterior distribution is Normally distributed. The parameters of

the posterior distribution of 6;;; are given by

/ -1
Vy 250 sir + duir 9 Wi
i, = 77 —1 :
P 1y BN, wie + 1

.oy
il (X3

Hiig, = / -1
P ]'N”/E ]_N“,wii/ +1

Finally, we find the posterior distributions for each of the variance terms o;;; by
considering a Multivariate Normal likelihood, and assuming an Inverse-Gamma prior

such that

7T (UW|Sn”,91‘1",03,0370111’,51@") x MVYN (SW\UW,91‘1‘/,0%,03,0@1‘/,@1/)Ig (01-21'/|04W,5ii') (6.25)

where the resulting posterior distribution is distributed according to an Inverse Gamma
distribution. The parameters of the posterior distribution of ¢, are given by
Ny 1

/-1
Qiir = —— + g B, = 5 (sir — i 1n,, ) Bt (sir — i 1w, ) + Biir-

The equation given by (6.25) provides us with samples from the posterior distri-

2

bution of the variance term, o;,. We, however, are interested in the standard deviation
term, o;;7, and so we simply take the square root of the sampled variance term to obtain
samples of the standard deviation term. The resulting inference is not affected.

We note that each of the distributions described in (6.23), (6.24), and (6.25)

depends on the value of at least one other parameter; therefore, we must rely on sam-
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pling techniques to study the distributions of the model parameters. We construct the

following Gibbs sampler, described in Algorithm 3.

Algorithm 3: Gibbs sampler for generating posterior samples from the
distributions of the model parameters
Data: Initial values for all parameters at ¢ = 0; values for hyperparameters
Result: Posterior samples for all parameters
fort € 1: 7T iterations do

1. Draw o) s, MSét_l), oV ., B, from the distribution defined in

(6.23);
2. Calcualte o2 = (1-— og(t))/Q ;
fori,i' € {1,...,n} sources do
3. Draw Hg,) |S4ir, agfl), 02(”, ol (t), Osir, wiy from the distribution
defined in (6.24);
4. Draw ai.(,t) | S, Hg,), ag(t), ol (t), i, Bir from the distribution defined
in (6.25);
end
end

Because the posterior distribution defined for o2 in (6.23) is not readily avail-
able, we cannot directly sample from this distribution. As a result, the first step in
Algorithm 3 is not so straightforward - indeed, obtaining a sample from the posterior
distribution of o2 requires introducing a Metropolis-Hastings algorithm [14, 44]. This

procedure is summarized in Algorithm 4.

Algorithm 4: Metropolis-Hastings algorithm for obtaining a sample
from the posterior distribution of o2

Data: Value of o2 "; values for hyperparameters a., (3,

Result: Posterior sample of o2

1. Sample a candidate value, o2* ~ B(2, 0. 2™1);

2. Calculate the value of M S’ using the candidate value o* using (6.22);

3. Calculate the value of M Sétil) using the current value ag(tfl) using (6.22);
4. Evaluate the posterior density of o%*, f*, using the hyperparameters o, and
Be, the value of M S?, and (6.23);

5. Evaluate the posterior density of ol (t_l), =1 using the hyperparameters
a. and [3., the value of MSét_l), and (6.23);

.1 f* 8(02(1&—1)‘270—2*)
6. Calculate the probability of acceptance, p,.. =

F=1) 3(02*‘27072@71))

7. Generate a random probability, p* ~ U(0, 1);
() . 2(t—1).
= 0O¢

2

8. If puee > p*, then define 02 .= ag*; otherwise define crg
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Now that we have identified a method for obtaining samples of the parameters

used to define 8, A, o2, and o2, we can assign a posterior probability,

T (Hi) Jq, € (8682, sc) dIT (Qls.)
T s ) = S ) T, Ll sl (s )

m (M) F S0 (s, s.)
iy (7 () £ 507 ¢ (s900)

(6.27)

Q

where s; is the vector of scores that consider at least one trace object, the subscripts
on H and Q correspond to the model being considered, and Q*) are posterior samples
of the parameters obtained using Algorithm 3. We consider the conditional posterior
probability of the scores that consider objects of unknown origin from the set X, sy,
rather than the joint posterior probability of s, so as not to recycle the information

contained in the vector of score s., which are used to sample the parameter values.
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Chapter 7

IMPLEMENTING THE MULTI-CLASS MODEL SELECTION

ALGORITHM

In this section, we again apply the proposed model to the MNIST Handwritten
Digit Data [39]. The MNIST Handwritten Digit Data consists of approximately 70,000
observations of handwritten digits. Each observation is a 28 x 28 pixel image of an
integer, O through 9.

As in the two-class scenario, we analyse the performance of our model and
compare its performance to an SVM (we use the ksvm/() function from the kernlab
package [38]), typically used for binary classification [12, 65, 74, 89, 90]. We have
elected to compare the abilities of the proposed model and an SVM to differentiate
between the digits 3, 5, 6, 8, and 9. For each model, we consider a radial basis function
kernel, given that this kernel has been shown to work well for SVMs on this data set.

To assess the performance of the model, we consider a series of simulations in
which we consider ny = 5, 10, and 15 control objects per source, and n, = 3 trace
objects. For a series of simulations, we consider the performance of the models when
a fixed set of control objects is considered alongside 125 sets of trace objects (25 from
each source). That is, for a single iteration, we sample n, control objects from sources
1 through 5 (digits 3, 5, 6, 8 and 9), and 25 sets of n,, trace objects from each source,
for a total of 125 sets of trace objects. The two sets of n, control objects are used to
determine the source of the 125 sets of trace objects. This process is repeated 100 times,

and the average performance is assessed. The results are presented in Table 7.1.
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SVM SVM SVM Proposed
"0 (Overall Performance) (Triplet Performance) (Voting Performance) Model Performance
5 63.65% 9.58% 23.88% 61.56%
10 73.07% 15.30% 28.00% 77.90%
15 76.67% 16.68% 29.08% 81.26%
Table 7.1: Performance of SVM versus multi-class model when ng = 5,10, and 15

control objects and n, = 3 trace objects for 125 iterations of the experiment. The
overall performance of the SVM gives the average percentage of correct classifications.
The triplet performance of the SVM gives the average percentage of sets of n,, that were
entirely correctly classified. The voting performance of the SVM gives the percentage
of sets of n, that would be correctly classified if a voting system were used to determine
the class of the set of trace objects. The performance of the Proposed model gives the
average percentage of sets of n, that were correctly classified.

The results in Table 7.1 present the results of the experiment described above.
We see that, as the number of control objects increases, the rates of correct classifica-
tion increase across all columns. Notably, Table 7.1 indicates that when we consider
ng = b control objects, the overall performance of the SVM is approximately the same
as the performance of the proposed model. However, when we compare the triplet per-
formance or voting performance of the SVM to that of the proposed model, we see
that the proposed model drastically out-performs the SVM. When we move to consider
ny = 10 and ny = 15 control objects, the proposed model outperforms the SVM in
terms of overall performance, in terms of triplet performance and in terms of voting
performance. Thus, we see that the proposed model far outperforms the SVM when it
comes to classifying the entire set of trace objects.

Finally, as in the two-class scenario, it is worth mentioning that the computa-
tional cost associated with each model is different. Overall, the SVM is more compu-
tationally efficient. At this time, we cannot directly compare the two models: first, the
SVM package used in this experiment is coded in C, while the proposed model is coded
in R; second, the SVM is not Bayesian, while the proposed model is, and so some
inherent computational costs exist. That being said, if a Bayesian alternative of the
SVM were considered alongside the proposed model, we can speculate that the SVM
would be more computationally efficient, since the proposed model involves inverting

a covariance matrix, which is a step that is not required by the SVM.
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Chapter 8

EVALUATING THE MULTI-CLASS MODEL SELECTION

ALGORITHM

In this part, we considered the development for a multi-class, n > 2 classifi-
cation algorithm that allows for making inference on the source of a set of test objects
known to originate from one of n potential sources. This method is novel in that it
allows for classifying the complete set of objects at once, rather than classifying each
object in turn. This method relies on a kernel function, which allows for considering
virtually any set of high-dimensional, complex, heterogeneous data as a single vector
of real-values scores between observations by merely modifying the kernel to accom-
modate the considered data. In addition, our method is particularly well-suited for
scenarios in which a limited number of observations are available for consideration, as
is oftentimes the case in forensic scenarios.

An evaluation of this performance of the proposed model indicates that the
model performs just as well as the SVM when ny = 5 control objects are consid-
ered, and surpasses the performance of the SVM when ny = 10 control objects are
considered. In addition, the performance of the model is not affected as the number
of considered sources increases. We do note, however, that the computational time
increases drastically as n increases, more-so than when 7 or n,, increase.

The performance of this model indicates that the model works well in the multi-
class scenario, and that it is reasonable to move on to consider the full model, in which
we wish to determine whether an object is more likely to originate from a given source

than from a random source in a population of potential sources.
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Part 1V

A Population-Based Model

Selection Algorithm
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OVERVIEW OF PART 1V: A POPULATION-BASED MODEL SELECTION
ALGORITHM FOR HIGH-DIMENSIONAL AND COMPLEX DATA

In this part, we develop the theory and implementation for a model-selection
algorithm that considers a putative source versus a population of random sources. In
Chapter 9, we define the problem and develop the algorithm that allows for determining
whether a specific putative source is more likely to have produced a set of trace objects
than some other random source in a population of potential sources. In addition, we
propose a method for studying the parameters of the proposed model, and a sampling
algorithm that can be used to study the distributions of the considered parameters. In
addition, we consider the ability of the model to recover the parameters under a fixed
scenario, and we investigate the scenarios in which the Normality assumption becomes
reasonable.

In Chapter 10, we conduct a series of simulations to assess the performance of
the model as we vary the number of random sources used to characterize the population
and the number of objects considered per random source. In addition, we evaluate the
proposed model using a forensic dataset consisting in FTIR spectra of paint chips.

In Chapter 11 we discuss the benefits and limitations of the proposed population-

based model.
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Chapter 9

DEFINING THE POPULATION-BASED MODEL-SELECTION

PROBLEM

We conclude this dissertation by considering a population-based scenario in
which we are interested in determining whether a specific, fixed source is more likely to
have produced a set of objects of unknown but common origin. That is, given a set of ng
objects known to have originated from a known source of interest, Xy, a set, &, con-
sisting of several sets of ng objects, X, ..., X,, known to have originated from some
other random source in a population of potential sources, and a set of n,, objects, X, of
common but unknown origin, we are interested in determining whether the source that
produced the objects in X}, is more likely to have produced the set of trace objects X,
than some other random source in the population of potential sources. Formally, we are

interested in determining if

H,: X, is a simple random sample from the source that produced Xj;

Hgq: X, is a simple random sample from some other random source in a population

of potential sources characterized by Z.

As discussed in Chapter 3, differentiating between these propositions cannot
be reduced to a simple classification or model-selection problem that can be addressed
using machine learning or likelihood-based techniques. As before, small sample sizes
rule out many machine learning techniques, and high-dimensional, complex, or het-
erogenous data make it impossible to assign the necessary probability measures for

assigning Bayes factors, or performing likelihood-based inference.
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We propose a model that leverages the properties of kernel functions (see Chap-
ter 1) to obtain a vector of scores, s, that consists in all pairwise comparisons of all
objects observed in X, &, and X,. This vector consists of within-source scores,
which arise when compared objects originate from a common source, and between-
source scores, which arise when compared objects originate from two different sources.
The model capitalizes on the variability that exists within and between these sets of
scores to address the above inference question. Because the method relies on a kernel
function, the method can be tailored to any type of data by merely modifying this func-
tion, and the overall inference process remains the same. Furthermore, the model relies

on a single assumption, which can be satisfied through the design of the kernel function.

9.1 PROBLEM STATEMENT

Consider a set of exchangeable observations, X}, made on objects known to
have been produced by a known, suspected source, a set, &7, consisting in r sets,
X1,...,X,, of exchangeable observations from r random sources from the population
of potential sources, and the set of exchangeable observations, X, made on objects of
common but unknown origin. The sets X} and &7 are considered to be sets of control
objects, while the set X, is considered to be a set of test objects. We define the sets

Xk, X1,...,X,, and X, as being simple random samples,
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X = {wk,la Lr2,- - - >5Uk,no}§
X = {331,1, L1,2y - afcl,no}Q
Xy = {332,17 TL22y - 7532,n0}§
X, ={xp1,Tp2,. ., Tpny
Xr = {wr,la Lr2,... 7wr,n0};
Xu = {mu,la Ly2, -, wu,nu};

where the sets of control objects consist in g objects from their respective sources, and
the set of test objects consists in n, objects known to originate from either the puta-
tive source characterized by X}, or by some other source in a population of potential
sources, characterized by & := {Xj,..., X, }. We are interested in quantifying the
extent of the support provided to H,, and H, above.

Rather than consider the observations themselves, we instead consider the vec-

()

tor of all pairwise scores, s € RV, N = , obtained by comparing the

observations in the sets X, &, and X, via some kernel,

k:R™— R,

k(i xpy) = (P (ij), ¢ (irjr)) 4,0 €{1,...,r.k,u}, 4,7 € {1, ..., max{ng,n,}}

where ¢ is a mapping into some separable, high-dimensional Hilbert space [12, 65, 71,
74]. As before, s;; 5 18 the score obtained by comparing object x;; to object &/ ; using
some kernel function, s (see Definition 2 in Section 1.1).

We define our kernel function such that our vector of scores is distributed ac-
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cording to a Multivariate Normal distribution, with
s~ MVN (6,%), (9.1)

where 6 is the vector of the mean terms, and X is the covariance matrix associated with
the vector of scores (see Section 9.5 and Chapter 10 for a discussion on the validity
of this assumption, and the implications when this assumption does not hold). These
parameters will collectively be referred to as 2 := {0, X}, and we will more explicitly
define @ and X as we move through the chapter. We can assign a Bayes Factor in terms

of the Multivariate Normal Likelihood and the associated parameter €2, such that

Jo € (8|2, Hy) dIT (Q2H,,)
Jo £ (]9, Hd dIl (2| Ha)
fn (s€2,) dI1(£2p)
T o, (s192) dIT(Q,)

9.2)

It is worth noting that there exist differences between €2, and €2,. While the
individual elements of each of the parameters (6, and 6,, and X, and X;) are restricted
to the same set of potential values, the structures of the mean vectors and covariance
matrices depend on which proposition is being considered. That is, when H,, is being
considered, then the parameter €2, considers that the set of unknown objects, X, orig-
inates from the putative source that produced the objects in X. Likewise, when H,
is being considered, then the parameter €2; considers that the set of unknown objects
originates from some other random source in a population of potential sources charac-
terized by &. Under H,, scores that consider at least one trace object and that are of
the form s, Or sy;,;, are considered to be within-source scores, while those of the
form s,;,;, p € {1,...,r}, are considered to be between-source scores. In the same
way, under H,4, scores that consider at least one trace object and that are of the form
Sujuj are considered to be within-source scores, while those of the form sy ., OF 54,57
are considered to be between-source scores.

Due to the nature of this problem, we consider two types of within- and between-



106

source scores. That is, rather than consider within-source ¢, as in the previous two mod-
els, we consider that scores may be within the putative source (in which two objects
from the putative source are compared), within random sources from the population
(in which two objects from the same random source in the population are compared),
between the putative source and a random source from the population (in which an ob-
ject from the putative source is compared to an object from a random source used to
characterize the population), or between population source (in which two objects arise
from different random sources used to characterize the population). Bearing this in
mind, then, under H,, scores of the form s,;,; or s;,.; are considered to be scores
within the putative source, and scores of the form s,;,; are considered to be between
the putative source and the population, while under H,, scores of the form s,; ,; are
considered to be within a random source from the population, scores of the form sy; ,,;/
are considered to be between the putative source and a random source from the popu-
lation, and scores of the form s, ;s are considered to be between two random sources

from the population.

9.1.1 COVARIANCE STRUCTURE OF THE OBJECT MODEL

In the previous model, we investigated the covariance structure for a vector of
scores by considering a single univariate object-based model. In this scenario, however,
we consider a pair of univariate object-based models, in which the linear model is con-
tingent upon whether the object, x;;, is randomly sampled from the population, or from
the known and fixed putative source. In the case where an object is sampled from a
randomly selected source in a population of potential sources, we consider a term x,;

defined in terms of the linear model given by
Tpj = jt+ Op + 5 (9.3)

where p is the overall mean of the population, 6, is the difference between the overall
mean of the population, x, and that of the individual source randomly sampled from

the population, p + 6,, p € {1,...,r}, such that  ~ N(0,7%), and ¢, is a lack of fit
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term, such that ,,; ~ N'(0,0?). In the case where an object is sampled from the fixed,

putative source, we consider a term x; defined in terms of the linear model given by
Thj = Mk + Enjs (9-4)

where i, is the overall mean of the putative source, and ¢;; is a lack of fit term, such
that e,; ~ N(0, p?). We proceed by studying covariance structure of scores obtained
under the non-stationary kernel (first presented in Sections 3.1.1 and 6.1.1 as (3.5) and

(6.5), respectively), given by

S 1= TijLgrgr. (95)

*
i,

As before, we can directly examine the mean and covariance terms associated
with this kernel by calculating the various terms that arise from the different possi-
ble score combinations. Table 9.1 provides the different parameter values under (9.5).
In particular, Table 9.1 indicates that we have 4 unique expected value terms and 23
unique covariance terms under the considered non-stationary kernel. Note that we con-
sider only the stationary kernel for this model. Given that the stationary kernel yielded
duplicate term in Parts II and III, and so failed to capture all covariance elements under
a more complex kernel, we elect to move forward using only the non-stationary kernel

described in (9.5).
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Description of Considered Scores Score 1 Score 2 Non-Stationary Kernel (9.5)
Expected Value Terms
Within Two Random Sources plp2 - w2+
Within Putative Source KIE20NE u
Between Two Random Sources plp'2 - 12
Between Putative and Random Sources k1lpl - s
Covariance Terms
Both Within Putative Source, Two Common Objects k1k2 k1k2 22 p% + pt
Both Within Putative Source, One Common Object k1k2 k1k3 w2p?
Both Within Putative Source, No Common Objects k1k2 k3k4 0
Both Within Random Source, Two Common Objects, Two Common Sources plp2 plp2 272 (72 + 2p% + 02) + 2120
Both Within Random Source, One Common Object, Two Common Sources — plp2 plp3 272 (72 + 02) + p® (472 + 0?)
Both Within Random Source, No Common Objects, Two Common Sources  plp2 p3pd 274+ 4p27?
Both Within Random Sources, No Common Objects, No Common Sources plp2 pp'2 0
gg;hni?\gziici’;tatlve and Random Sources, Two Common Objects, Two klpl kipl (0% + 1) (02 + 79) + p20?
Both Between Putative and Random Sources, One Common Object from
Source k, Same Random Source klpl k1p2 10+ T
Both Between Putative and Random Source, One Common Object from Elpl Ely'l 2 2
Source k, Different Random Sources P p we
SBoth Between Putative and Random Source, One Common Object from kipl ka2pl 12 (72 + %)
ource p
Both Between Putative and Random Sources, No Common Objects, Two 9 9
Common Sources klpl k2p2 HiT
Both Between Putative and Random Sources, No Common Objects, Putative Elpl 1202 0
Source in Common P Fop
Both Between Random Sources, Two Common Objects plp'l  plp'l (72 + 0% +2u?) (72 + 02)
Both Between Random Sources, One Common Object, Two Common Sources plp'l plp'2 20%7% + pPo? + 14
Both Between Random Sources, One Common Object, One Common Source plp'2 plp"l  p? (72 +0?)
Both Between Random Sources, No Common Objects, Two Common Sources plp'l p2p'2 2p%7?
Both Between Random Sources, No Common Objects, One Common Source plp'l p2p"l Pl
Both Between Random Sources, No Common Objects, No Common Sources — plp'l p'1p”1 0
Within Putative Source, Within Random Source, No Common Objects k1k2 plp2 0
Within Putative Source, Between Putative and Random Source, One Common E1k2 Elnl 5
Object p [tkp
Within Putative Source, Between Putative and Random Source, No Common E1k2 k3pl 0
Objects
Within Random Source, Between Putative and Random Source, One Common 12 Elpl (27 + 02)
Object, One Common Source pp P pg\em T 0
Within Random Source, Between Putative and Random Source, No Common 102 Elp3 9 2
Objects, One Common Source pp P e
Within Random Source, Between Putative and Random Source, No Common 192 Elyl 0
Objects, No Common Sources pp P
Between Putative and Random Source, Between Random Sources, One Com- Fpl I (2 + 0?)
mon Object, One Common Source =P pp Hioe AT 0
Between Putative and Random Source, Between Random Sources, No Com- kol 21 2
mon Objects, One Common Source P pep HIT
Between Putative and Random Source, Between Random Sources, No Com- klpl 0
mon Objects, No Common Sources P Py
gfézhgi) Ilr?;no(lllmsli) fr(zl;lces, Between Random Sources, One Common Object, pip2 pipl 42 (272 + o?)
Within Random Sources, Between Random Sources, No Common Objects, 12 31 9,272
One Common Source pip pop T
Within Random Sources, Between Random Sources, No Common Objects, No o
plp2 p'1p”l 0

Common Sources

Table 9.1: Expected value and covariance terms obtained for the object-based model for
each type of score comparison when a non-stationary kernel (e.g., (9.5)) is considered.
Column one provides descriptions of each type of comparison that may be observed;
columns two and three provide examples of indices for scores that could be compared
in each situation; column four presents the parameter values obtained under the non-

stationary kernel given by (9.5).
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9.1.2 DEFINING A SCORE-BASED MODEL

Suppose, now, that we expand upon (9.1) and define our vector of scores such

that

s~N(0.2) = sijuj~ MVN (0ir,07)
sudy 0wz 0,1 (9.6)
Ot
where the parameters 0, and oy, i1’ € {kk, kP, PP PP}, are the means and
standard deviations associated with the different comparisons that may be considered
by a given score. That is, each score in the vector of scores is either one of two possi-
ble within-source scores, or one of two possible between-source scores. For example,
consider a score s;;;/;» in which ¢ = 7' = k, and so 6;; gives us the expected value of
scores that compare any two objects in Xj. Likewise, when i = ¢/ = &, 0, gives us
the expected value of scores that compare any two objects in X, € &. When i # 7/,
i =k, i = 2, 0, gives us the expected value of scores that compare an object in X,
to an object in &. Finally, when i # ¢, i = Z,i' = &', 0, gives us the expected
value of scores that compare two objects from different random sources in &. Thus, we
consider 6, € {Okk, Ok »,02 5,055 }. The parameter o, can be equivalently defined
for the standard deviation terms.

From here, following the work of Gantz and Saunders, and Armstrong [5, 6, 26],
and the development in Sections 3.1.2 and 6.1.2, we choose to define the standardized
scores from (9.6) according to a random effects model

Sijilj) — Oiir

o = aij + apj + b + by + ¢ + diij + diiryr + divij + iy + egagr, (9.7)

IThe set & is the set of r random sources, {X1, Xa,..., X, } used to characterize the pop-
ulation. When used as a subscript, it indicates that we are considering all random sources
p € {1,...,r} simultaneously, as opposed to considering a single random source, denoted by p.
For example, we could consider the vector of scores s,p, which considers only the within-source-
p comparisons. Alternatively, we could consider the vector of scores sz 4, which considers all
within-source comparisons in the population. Likewise, we could consider the vector of scores
Skp, which would compare observations from source k to the observations from source p. In the
same way, we could consider the vector of scores sis, which would compare the observations
from source k to any other source in the population of potential sources.
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where a;; and a;; are random object effects with a;;, ayj ~ N (0,02), b;, by are
random population source interaction effects with b;, by ~ N (0, Ug), ¢; is a random
putative source interaction effect with ¢; ~ N (0,02), d;.ij, diirjr, dirijy and dyyrj are
random source-object interaction effects with d;.;;, di.irjr, dirij, dirirjr ~ N (0, 02), and
ei;i 18 a lack-of-fit term with e;; ;150 ~ N (0, 02). Considering the structure of these
matrices (see Figures 9.1, 9.2, 9.3, and 9.4), and following (9.6), we have that 203 +
02+ 402 + 0% = 202 + 207 + 402 + 02 = 1. Finally, we rewrite the model in terms of

Siji' 5! such that
Sijatg = Osir + 0iir (i + airjr + b + bip + ¢ + divij + diiryr + divcij + diviryr + €ijargr)

and so, given the distributional assumptions associated with (9.6) and (6.7), we define

the distribution of our vector of scores to be
s~MVN (6,A (PP'o.+QQ'o, + RR¢:+TT o5+ I02)A"), (9.8)

where 6 is a vector of length /V of the mean terms given by 6,7, and A isan N x N
diagonal matrix of the standard deviations given by o;;. The matrix I is the N x N
identity matrix. The design matrices P, ), R, and T each describe an effect the
different scores considered in the vector s. Each of these design matrices is constructed
by individually considering the potential source combinations that are of interest for
the effect being considered. The following sections outline the construction of these

matrices.

9.1.2.1 DESIGN MATRIX P

The ((r + 1)ng +n,) x ("*2)™) design matrix P describes the effects of the
objects being compared on the score for each score considered in the vector s. The rows
of P consist in all pairwise combinations of all ((r + 1)ng + n,,) objects, while the
columns of P consist in the objects themselves (e.g., k1,52, ... kng, 11,12,... 1n,

..,rl,...,rng) . To construct the design matrix P requires considering three sub-
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components of the overall P matrix. We will refer to these as Py, P», and P, ». Each
of these three matrices is of the same dimension as P, and the columns of the matrices
are of the same organizational structure. Considering different combinations of these
matrices allows us to construct the full design matrix , PP’.

The design matrix Py is constructed by considering only those rows whose as-
sociated scores consider two objects from the putative source. For the rows of Pj that
consider a within-putative source score, a value of 1 is placed in the columns corre-
sponding to the considered objects, and a value of 0 is placed in the remaining columns.
For example, given a score sj x2, the columns associated with the first and second ob-
jects from the putative sources (i.e., “k17, “k2”) are assigned a value of 1, and all other
columns are assigned a value of 0.

The design matrix P is constructed by considering only those rows whose
associated scores consider two objects from the population, regardless of whether or
not those objects arise from the same source within the population. For the rows of
P that consider two objects from the population, a value of 1 is placed in the columns
corresponding to the considered objects, and a value of 0 is placed in the remaining
columns. For example, given a score s, 2, the columns associated with the first and
second objects from source p in the population (i.e., “pl”, “p2”) are assigned a value
of 1, and all other columns are assigned a value of 0. Likewise, given a score sy ,/1, the
columns associated with the first objects from sources p and p’ in the population (i.e.,
“p1”, “p’1”) are assigned a value of 1, and all other columns are assigned a value of 0.

Finally, the design matrix P » is constructed by considering only those rows
whose associated scores consider an object from the putative source alongside an object
from the population. For the rows of P, » that consider scores of this type, a value of
1 is placed in the columns corresponding to the considered objects, and a value of 0 is
placed in the remaining columns. For example, given a score s p1, the columns associ-
ated with the first objects from the putative source and from source p in the population
(i.e., “k17, “p1”) are assigned a value of 1, and all other columns are assigned a value

of 0.
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We can then use these three matrices to construct our final design matrix, given
by PP’. Specifically, PP’ is defined by considering all pairwise combinations of P,

Py, and P, ». That is,
PP’ := P,P/+ PyP), + P, »P, 5+ (PP, , + P, »P,) + (P»P, , + P.»P,) .

Figure 9.1 portrays the resulting P P’ matrix, along with the five different combinations

of the three sub-matrices matrices used to construct PP’.

9.1.2.2 DESIGN MATRIX Q

The ((r + 1)ng + ny,) X (r + 1) design matrix Q describes the effect of random
sources from the population of potential sources on the score for each score consid-
ered in the vector s. The rows of @ consist in all ((r 4+ 1)ng + n,) objects, while the
columns of @ consist in the r + 1 sources being considered (e.g., k, 1, ..., p). To con-
struct the design matrix @) requires considering two sub-design matrices of the overall
Q matrix. We will refer to these as Q@ » and Q) ». Note that we do not need to con-
sider @i, since we are looking at the effect of the random sources from the population
of potential sources. This pair of matrices is of the same dimension as (), and the
columns of the matrices are of the same organizational structure. Considering different
combinations of these matrices allows us to construct the full design matrix, QQ’.

The design matrix @ » is constructed by considering only those rows whose
associated scores consider two objects from the population, regardless of whether or
not those objects arise from the same source within the population. For the rows of Q »
that consider two objects from the same random source in the population of potential
sources, a value of /2 is placed in the columns corresponding to the source of the
considered objects, and a value of 0 is placed in the remaining columns. For the rows
of Q% that consider two objects from different random sources in the population of
potential sources, a value of 1 is placed in the columns corresponding to the sources
of the considered objects, and a value of 0 is placed in the remaining columns. For

example, given a score sp; 2, Where both objects are from random source p in the
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(a) PP’

(b) PP, (d) PooP 5

(e) PkP]:;"@ +Pk,.@P]2 (f) P'@Pl;,.@ +Pk79P'/9,

Figure 9.1: Heat maps of design matrix PP’ and sub-design matrices used to construct
PP'. (a) Final design matrix, PP’. (b) Sub-design matrix, P, P}, depicting the effect
of considering two pairs of objects from the putative source. (c) Sub-design matrix,
Py P/, depicting the effect of considering two pairs of objects from the population. (d)
Sub-design matrix, Py » P, 4, depicting the effect of considering two pairs of objects
that consider an object from the putative source alongside an object from the popu-
lation. (e) Sub-design matrix, PPy 5, + Py 2P, depicting the effect of considering a
pair of objects from the putative source alongside a pair of objects that considers one
object from the putative source and one object from the population. (f) Sub-design
matrix, Py P} , + Py »P.,, depicting the effect of considering a pair of objects from
the population’ alongside a pair of objects that considers one object from the population
and one object from the putative source.
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population, the columns associated with source p are assigned a value of v/2, and all
other columns are assigned a value of 0. Similarly, given a score s, ;/1, where the two
objects come from different random sources in the population, the columns associated
with sources p and p’ are assigned a value of 1, and all other columns are assigned a
value of 0. Note that when the two considered objects arise from the same random
source, only one position in the row is non-zero, while when the two considered objects
arise from different random sources, two positions in the row are non-zero.

The design matrix Q) » is constructed by considering only those rows whose
associated scores consider an object from the putative source alongside an object from
the population. For the rows of @), » that consider an object from the putative source
alongside an object from the population, a value of 1 is placed in the columns corre-
sponding to the sources of the two objects, and a value of 0 is placed in the remaining
columns. For example, given a score s 1, the rows associated with sources k and p
are assigned a value of 1, and all other columns are assigned a value of 0.

We can use these two matrices to construct our final design matrix, given by
QQ'. Specifically QQ' is defined by considering combinations of Q » and Q}, ». That

18,

QQ =Q»Q, + (Q2Q} » + QurQ»)

Figure 9.2 portrays the resulting Q Q' matrix, along with the two different combinations

of the sub-matrices matrices used to construct QQ’.

9.1.2.3 DESIGN MATRIX R

The ((r + 1)ng +n,) x (("3') + (r + 1)) design matrix R describes the ef-
fect of the putative source on the score for each score considered in the vector s.
The rows of R consist in all ((r + 1)ng + n,) objects, while the columns of R con-
sist in the ((’”2“1) + (r+ 1)) potential combinations of sources being considered (e.g.,

kk,k1,k2, ... kr, 11,22 ... ro, 1.2,1.3,...,1.r,..., 7 — 1.7). To construct the de-

sign matrix R requires considering two sub-design matrices of the overall R matrix.
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(a) QQ’

(b) Q»Q'y (€) Qe Q) » +Qr Q%

Figure 9.2: Heat maps of design matrix QQ’ and sub-design matrices used to construct
QQ'. (a) Final design matrix, QQ’. (b) Sub-design matrix, Q»Q’,, depicting the
effect of considering two pairs of objects from the population. (c¢) Sub-design matrix,
Py P| ,+ Py, »P/,, depicting the effect of considering a pair of objects from the popu-
lation ’alongside a pair of objects that considers one object from the population and one
object from the putative source.
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We will refer to these as Rj, and R, ». Note that we do not need to consider R,
since we are looking at the effect of the putative source. This pair of matrices is of
the same dimension as R, and columns of the matrices are of the same organizational
structure. Considering different combinations of these matrices allows us to construct
the full design matrix RR’.

The design matrix Ry is constructed by considering only those rows whose
associated scores consider two objects from the putative source. For the rows of Ry
that consider two objects from the putative source, a value of 1 is placed in the columns
corresponding to the source combination of the considered objects, and a value of 0
is placed in the remaining columns. For example, given a score sy x2, the column
associated with the within-putative source combination (i.e., “k.k”) is assigned a value
of 1, and all other columns are assigned a value of 0. Note that all scores that are
considered by this matrix will result in a value of 1 in this particular column, with a
value of 0 in all other columns.

The design matrix R, » is constructed by considering only those rows whose
associated scores consider an object from the putative source alongside an object from
the population of potential sources. For the rows of R, » that consider an object from
the putative source alongside an object from the population, a value of 1 is placed in the
columns corresponding to the sources of the two objects, and a value of 0 is placed in
the remaining columns. For example, given a score sj1 1, the column associated with
the source combination of k and p (e.g, “k.p”) is assigned a value of 1, and all other
columns are assigned a value of 0.

We can use these two matrices to construct our final design matrix, given by
RR'. Specifically, RR' is defined by considering combinations of R, and R}, ». That

is

RR/ = fikR;€ + Rk”@R;ﬁy

Figure 9.3 portrays the resulting R R’ matrix, along with the two different combinations

of the sub-matrices matrices used to construct RR'.
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(a) RR/

(b) Ry Ry, (¢) Ry, » Ry, 5

Figure 9.3: Heat maps of design matrix RR’ and sub-design matrices used to construct
RR'. (a) Final design matrix, RR'. (b) Sub-design matrix, Ry R}, depicting the effect
of considering two pairs of objects from the putative source. (c¢) Sub-design matrix,
R; » R}, ,, depicting the effect of considering two pairs of objects that consider an
object from the putative source alongside an object from the population.
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9.1.2.4 DESIGN MATRIX T

The ((r + 1)ng + ny) X ((r + 2) ((r + 1)(ng) + ny,)) design matrix T describes
the interaction effect of the objects and the sources on the score for each score consid-
ered in the vector s. The rows of T consist in all ((r 4+ 1)ng + n,,) objects, while the
columns of T consist in the ((r + 2) ((r + 1)(ng) + n,)) combinations of sources and
objects being considered (e.g., k : kl,k : k2,... )k : kng,k : 11,...,k : rng,1 :
El,...1:rng,...,p:kl,....p:rng,...,7: k1, ... 7 :rng). To construct the design
matrix 1" requires considering four sub-design matrices of the overall 1" matrix. We will
refer to these as T}, T'»,, T'»,, and T}, ». These matrices are of the same dimension
as T', and the columns are of the same organizational structure. Considering different
combinations of these matrices allows us to construct the full design matrix T7T".

The design matrix T}, is constructed by considering only those rows whose as-
sociated scores consider two objects from the putative source. For the rows of T}, that
consider two objects from the putative source, a value of V2 is placed in the columns
associated with the source and object combinations of the score being considered, and
a value of 0 is placed in the remaining columns. For example, given a score sy x2, the
columns associated with the considered source and objects (i.e., k : k1, k : k2) are
assigned a value of v/2, and all other columns are assigned a value of 0.

The design matrix T'», is constructed by considering only those rows whose
associated scores consider two objects from the same random source in the population
of potential sources. For the rows of T, that consider two objects from the same
random source, a value of v/2 is placed in the columns associated with the source and
object combinations of the score being considered, and a value of 0 is placed in the
remaining columns. For example, given a score s,;,2, the columns associated with the
considered source and objects (i.e., p : pl, p : p2) are assigned a value of v/2, and all
other columns are assigned a value of 0.

The design matrix T'», is constructed by considering only those rows whose
associated scores consider two objects from two different random sources in the popu-

lation of potential sources. For the rows of T'», that consider two objects from two dif-
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ferent random sources, a value of 1 is placed in the columns associated with the source
and object combinations of the score being considered, and a value of 0 is placed in the
remaining columns. For example, given a score s,;,/1, the columns associated with the
considered sources and objects (i.e., p : pl,p : p'2,p" : pl, p' : p'2) are assigned a value
of 1, and all other columns are assigned a value of 0.

Finally, the design matrix T}, » is constructed by considering only those rows
whose associated scores consider an object from the putative source alongside an object
from the population of potential sources. For the rows of T}, » that consider an object
from the putative source alongside an object from the population, a value of 1 is placed
in the columns associated with the source and object combinations of the score being
considered, and a value of 0 is placed in the remaining columns. For example, given a
score sy p1, the columns associated with the considered sources and objects (i.e., k : k1,
k:pl,p: kl, p: pl) are assigned a value of 1, and all other columns are assigned a
value of 0.

We can use these matrices to construct our final design matrix, given by T71".
Specifically, TT" is defined by considering combinations of T}, T, , T,, and T}, ».

That is

TT = TT,+Ts, Ty, +Tr,Th + Te s}y + (LT} 5 + T s Ty) +

(T2, +T»,) T, 5+ Ti» (T, +T,)) + (T, Th, + Tr, T,

Figure 9.4 portrays the resulting T'T” matrix, along with the different combinations of

the sub-matrices matrices used to construct 77"



120

() TvTy 5 + Th,2T;,  (8) T, Ty, + T, Ty (T, +Tz,) T;
Tk,za (T, + T@b)

Figure 9.4: Heat maps of design matrix TT” and sub-design matrices used to construct
TT'. (a) Final design matrix, TT'. (b) Sub-design matrix, T} T}, depicting the effect
of considering two pairs of objects from the putative source. (c) Sub-design matrix,
T, Tf%ﬂ depicting the effect of considering two pairs of objects from the same random
source in the population. (d) Sub-design matrix, T@bT,’%,’ depicting the effect of consid-
ering two pairs of objects from different random sources in the population. (e) Sub-design
matrix, Tj, g:T,g’ 2> depicting the effect of considering two pairs of objects that consider an
object from the putative source alongside an object from the population. (f) Sub-design
matrix, Ty, Ty, + To, T, , depicting the effect of considering a pair of objects from
the same source in the population alongside a pair of objects from two different sources
in the population. (g) Sub-design matrix, (T'w,, + T»,) Ty, 5 + T2 (T, + T,), de-
picting the effect of considering a pair of objects from the population alongside a pair
of objects that considers one object from the putative source and one object from the
population.
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The likelihood function in the numerator and denominator of (9.2) can be rep-
resented using the distribution given in (6.1). As explained in the introduction of Sec-
tions 3.1.1 and 6.1.1, we have that the structure of the mean vector and covariance ma-
trix depend on whether H,, or H,4 is being considered. See Figure 3.1 in Section 3.1.1
for an example when we consider two fixed classes.

As in the two class model, it is worth noting that the covariance matrix defined
in (9.8) is not equivalent to that of the object model described in Section 9.1.1. This is
due to the fact that the covariance matrix in Section 9.1.1 considers a single term o
to describe the relationship that occurs when a score involves an object from source ¢
and an object from source i’. For the covariance matrix in (9.8) to coincide with that
defined in Section 9.1.1, we would need to define two terms, o;; and o;/,;, that describe
the effect when the object in common between two scores comes from source ¢ versus
from source 4. For example, consider a pair of scores sy ;1 and sx1 2. To appropriately
capture the covariance that exists between these two scores would require defining a
term oy, since the common object between the two scores comes from the putative
source k. Likewise, a pair of scores, si1 2 and si2 »1, would require defining a term o,
since the common object between the scores comes from the random source, p, from
the population. As a result, the covariance terms of the score model in rows 9 and 11
of Table 9.2 do not necessarily have a direct counterpart in the model. Due to a similar
phenomenon, we have that the covariance terms of the score model in rows 17 and 18
in Table 9.2 are also lacking a direct counterpart.

However, despite these discrepancies, we choose to move forward with the
model given by (9.8). While the covariance matrices of the object and score models
may not be exactly the same, their structures under #, and H, remain sufficiently sim-
ilar. Furthermore, as we will see below, an elegant solution exists for studying the

parameters of the model given by (9.8).



122

Description of Considered Scores Score 1 Score 2 Object Model (9.5) Score Model (9.8)
Covariance Terms

Both Within Putative Source, Two Common Objects k1k2 k1k2 203 p% + pt ok (202 + 02 + 402 + 02) ok
Both Within Putative Source, One Common Object k1k2 k1k3 12 p? ok (02 + 02 + 203) 0%

Both Within Putative Source, No Common Objects k1k2 k3k4 0 0

Both Within Random Source, Two Common Objects, Two Com-
mon Sources
Both Within Random Source, One Common Object, Two Common

plp2 plp2 272 (72 4+ 202 + 0%) 4+ 2p%0% 0y (202 + 207 + 403 + 02) 0y

plp2 plp3 272 (72 4 02) 4+ p2 (472 + 02) 0y (02 + 20} + 203) 0y

Sources

Both Within Random Source, No Common Objects, Two Common

Sourcos ’ J plp2 p3pd 274 + 4P Opp (202) O
g:lilc 2: ithin Random Sources, No Common Objects, No Common pip2 Jp2 0 0

Both Between Putative and Random Sources, Two Common Ob-
jects, Two Common Sources
Both Between Putative and Random Sources, One Common Object

klpl  klpl (p* + ) (0 + 72) + p?p? Orp (202 + 02 + 403 + 02) oy

from Source k, Same Random Source kipl klp2 19 i Tk (08 + 02 + 200) Tk
.
gz: goeltlliie; Putative and Random Source, One Common Object Flpl k2pl #i (7_2 " Uz> Ok (02 + 03 I 205) iy
?;Zh(}?;t{zzzi 1;2::::5 and Random Sources, No Common Objects, klpl k2p2 uiTQ i (03) i

Both Between Putative and Random Sources, No Common Objects, kipl K22 0 0

Putative Source in Common
Both Between Random Sources, Two Common Objects plp'l  plp'l (24 0% +2u%) (12 4 0?) O (202 + 207 + 4073 + 02) 0y
Both Between Random Sources, One Common Object, Two Com-

mon Sotrces plp'l plp'2 20272 + p2o? + 74 Oy (02 + 20% + 202) 0,y
Both Between Random Sources, One Common Object, One Com- ;

mon Source ’ JECE, plp'2 plp'l 2 (2 +0?) Opp (02 + 0F + 03) Oy
Both Between Random Sources, No Common Objects, Two Com- o e 5 5 o s

mon Sources JeCts, plp'l  p2p2  2u%7? O (202) 0

Both Between Random Sources, No Common Objects, One Com- .

mon Source 7 e plpl p2pl P Tyt (207) Oyt
SBS]E?(,E’,CtWCCH Random Sources, No Common Objects, No Common plp'l S0 0

?;fglin Putative Source, Within Random Source, No Common Ob- k2 ila®) 0 0

.\\'ithin Putative Source, Between Putative and Random Source, p .

One Common Object kLk2 kipl pep? Tk (U’E + \/505) Tkp
Within Putative Source, Between Putative and Random Source, y

No Common Objects il gl g 9

Within Random Source, Between Putative and Random Source, p 5 2 5 2 =
One Common Object, One Common Source pip2 kipl e (27 + %) o (03 + V207 + V203) oy
Within Random Source, Between Putative and Random Source, No 2 9

Common Objects, One Common Source pip2 3 2ppt T (ﬁab) iz

Within Random Source, Between Putative and Random Source, No 12 Elyl 0 0

Common Objects, No Common Sources Py P

Between Putative and Random Source, Between Random Sources, 5 5 5 5

One Common Object, One Common Source ol i iy (7 + %) Ty (07 +08) T
Between Putative and Random Source, Between Random Sources, Fipl 21 r? o (02) 0

No Common Objects, One Common Source P pep i kp \0b) Tpp

Between Putative and Random Source, Between Random Sources, Fipl S 0 0

No Common Objects, No Common Sources p -

Within Random Sources, Between Random Sources, One Common . 5 oo ; o s ; ; ;
Object, One Common Source pip2 pip'l p @7 +a?) O (207 + 207 + 40 + 07) 0
Within Random Sources, Between Random Sources, No Common ;

Objects, One Common Source pip2 ozl 2% e (\/iaf) Tor!

Within Random Sources, Between Random Sources, No Common pip2 S0 0

Objects, No Common Sources

Table 9.2: Comparison of Covariance terms in Object Model defined according to (9.5),
and Score Model defined according to (9.8).

9.2 MODEL DEVELOPMENT

Assigning the Kernel Bayes Factor in (9.2) requires estimating the parameters
{0:i Yiirs {0uit Yiir, 02, 02, 02, 0% and o2 using the information contained in the vector of
scores, s. To study these parameters, we follow the development described in Parts II

and III, and subset the vector of scores to define s., which includes only the comparisons

between the control objects contained in the sets X and &, and so is a vector of length
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N, = ("")™). We can then use s, to define the total sum of squares

SSrer = (s.—0.) [AA] " (s.—8,)

= (A (s.—8.) (A (s.—6.) (9.9)

Cc C

where 0. is the IN, vector of score means, ¢;;;, and A, is the N, x N, diagonal matrix
of the score standard deviations, o;;, associated with the scores s..
Following the development in Sections 3.2 and 6.2, we apply Cochran’s theorem

(see Theorem 2 in Section 3.2) to 8 = (A ! (s. — 6.)), and rewrite (9.9) as

N,
SSra =38I5=5|> vw|| s (9.10)
I=1
where {v;};,1 = 1,..., N, is any orthonormal basis for RV, Furthermore, we consider

asetof (r+1)+("}") diagonal design matrices, By, 4,1’ € {1,...,r, k}. Each of these
matrices is an idempotent V. X N, matrix whose diagonal matrix can be partitioned into
(r+1)+ (’”2’1) segments. Of these segments, (r + 1) segments are of length ("), and
are each associated with a single source, 1, ..., r, k. The remaining (Tgl) segments are
each of length n2, and are each associated with one of the possible combinations of
sources. Note that (r + 1)(") + ("1')n2 = N.. When we are considering a within-
source comparison (: = '), the matrix B;; has ones in the segment of length (”20)
along the diagonal that corresponds to the i** source, and zeros elsewhere. When we
are considering a between-source comparison (i # '), the matrix B;; has ones in the
segment of length n? along the diagonal corresponding the the comparison between
source 7 and 7', and zeros elsewhere?.

As an example, let r = 3, ng = 5. Then we have (r + 1) + ("}') = 10

matrices consisting of » + 1 = 4 within source matrices, By, B11, Bas, B3z, and

2Note that the indices 4,7’ are not considered jointly, as in (9.6). In this case, we are consid-
ering matrices B;;s for all possible source combinations, rather than just the different types of
source comparisons that exist. That is, instead of consider a single matrix for all (;) possible
combinations between the random sources, we consider (g) individual B;;; matrices. Decon-
structing the sums of squares in this manner allows us to obtain an elegant eigen-decomposition
in which the eigenvalues are straightforward functions of the terms o2, o2, o2

2 2
o, 04, 02, 04, and o7, as we
will see later in the chapter.
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(";“1) = 6 between source matrices, By, Bio, Bis, Bia, Bz, Bos. These 10 matrices
are displayed in Figures 9.5 and 9.6. Since By, . .., By, B11, Bia, ..., B, sumto the

identity matrix, we have that

SSror = § ZBW I ZBW s

i1 i1

= 7 ZBWIZBW 5

- -
0,1 i,

NC
= & E By E Uiigv;ig E By | s
=1

i,i i,i

= Z 5SS + Z SSiw (9.11)

i=k,1,...,r i<i'€{k,l...,r}

where {fvn-;}l, [ =1,...,N,,are different orthonormal bases spanning R™V<, and will be
discussed in more detail in later sections. The matrices B;; effectively activate different
parts of the vector s, according to the different source comparisons. In particular, we

have:

(1) Bys. allows us to consider only the positions of s.. that correspond to compar-
isons that exist within the putative source, so that s/ By, gives us the within-
source sum of squares corresponding to the putative source. Recall that By, I By, =

By, and note that By, has rank ry, = (7).

(2) B,,s. allows us to consider only the positions of s, that correspond to com-
parisons that exist within one of the random sources from the population of
potential sources that is being considered, so that s.B,,,s. gives us the within-
source sum of squares corresponding to that particular random source. Recall that
B,,IB,, = B,,. Note that we have r different B,, matrices, p € {1,...,r},

. (o
where each matrix B, has rank r,, = ( 5 )

(3) By,s. allows us to consider only the positions of s, that correspond to compar-
isons that exist between objects from the putative source and from one of the
random sources from the population of potential sources that is being considered,

so that s/, By, s, gives us the between-source sum of squares corresponding to the
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putative source and the considered random source. Recall that By,I By, = By,,.
Note that we have r different B}, matrices, p € {1,...,r}, where each matrix

2
By, has rank 14, = nj.

(4) B,y s, allows us to consider only the positions of s. that correspond to com-
parisons that exist between objects from two different random sources from the
population of potential sources, so that s.B,,s. gives us the between-source
sum of squares corresponding to the two considered random sources. Recall that
B,yIB,, = B,,. Note that we have (}) different B,,, matrices, p # p' €

- _ 2
{1,...,r}, where. each matrix By, has rank r,, = ng.

Thus, we have defined the total sums of squares in terms of all source comparisons that
exist within our vector of scores. Bearing in mind that the goal is to find a way to esti-
mate the parameters of the distribution given in (9.8), we note that this decomposition
of the total sums of squares allows us to independently study the mean and standard
deviation terms, 6;; and o;;/, associated with their respective source comparisons. Note
that we can choose the orthonormal bases in (9.11) to be any orthonormal bases, and,
in particular, we can choose these orthonormal bases to be the normalized eigenvectors

for the following matrices, V. We choose to define

‘/7;7; = Bu (PCPCIUZ -+ QCQICO—E + RCRégg + TCTC/UE + ICUS) B” (912)

for the matrices B;;, i € {k,1,...,r}, corresponding to the within-source comparisons,

and

Vir = By (P.Plo> + Q.Q.0; + R.R.0? + T.T0; + I.07) By (9.13)

for the matrices By, 1 # i’ € {k,1,...,r}, corresponding to the between-source com-
parisons, where the subscript ¢ on the matrices in (9.12) and (9.13) are of the same
structure as the design matrices described in Section 9.1.2, but have a dimension cor-

responding to that of the score vector s. that considers only comparisons between two
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control objects.

As in Section 3.2 and 6.2, choosing V;; and Vj; to be a function of X, :=
P.Po?+Q.Q.0} + R.R.0>+ T, T 02+ I.0% is advantageous in that it introduces the
parameters o2, 07, 02, 02, and 02, and so provides a means for studying these parame-
ters. Second, defining V;; and Vj; in terms of B;; and B;;s allows us to take advantage

of the relevant parts of 3. with respect to each source comparison by activating only

the rows and columns of 3 corresponding to the considered source comparison.

‘/k?k?
Multiplicity (1, )

Eigenvalue (vg,) Eigenvectors (vg,)

2 (TLO — 1) O'g + (TLQO)O'(% + 2 (2%0 — 2) O'?i + O’S 1 Uk, such that Vik Uik, = Vik, Vi,
(no—2) o2 +2(ng—2) 0(21 + 02 ng — 1 Vkk, such that Vipvpe, = Vi, vk,
Jz (7120) — no Vij, such that chvkkl = UkksVkk,
0 N.— (") Vkk, such that Viggk, = Vik, Uk,
Vip

Eigenvalue (vgp,) Multiplicity (mu,, ) Eigenvectors (vgp,)

27100121 + n%af + 4n0(f§ + 02 1 Vgp, Such that Vi,vg, = vip, Uiy,
ngag + 2n00§ + Ug 2ng — 2 Vgp, such that Vi,vi,, = vip, Uy,
a2 (no — 1)2 Ukp, such that Vi vi, = Vkp, Vs,
0 N, — n% Vgp, Such that Vi,vp, = vip, Uiy,
Viw

Eigenvalue (vpy,) Multiplicity (., ) Eigenvectors (vpp,)

2 (M0) 2 T —
2(ng — 1)o2 + ("P) o2 + 2(2ng — 2)03 + 02 1 Vpp, such that Vv, = Vpp, Upp,
(no —2)02 + 2(ng — 2)03 + 02 ng—1 Vpp, such that Vi,vp,, = Vpp,Upp,
a2 (") —no vy such that Vipvy = vy vy
no —
0 N(; — ( 9 ) v“; such that ‘/;7/'0“; = V“i; 'U“;
\
Eigenvalue (1) Multiplicity (m,, ,) Eigenvectors (v,,)
1
2, 2 2 T2 —
2ngo;, +2n0crc + 42nood2+ o; 1 Upp, such that Vipw,, = vy vy
ngoy, + 2nogoy + o 2ng — 22 Vpp! such that V,,, Vppt = Vpp, Opp
2 —
o; (no — 1)2 Vkp, such that Vv, = vy v,
0 N, —nj Vgp, such that V;]P’UPPZ = Vpp!, Vpp,

Table 9.3: Eigenstructure of design matrices for within-source comparisons, Vi and
Vip, and between-source comparisons, Vi, and V), as described in (9.12) and (9.13)

We can study the eigenstructure of the matrices B;;y(P.Plo? + Q.Q.o? +
R.R.0% +T.T!0> + I.02)B;; for each source comparison (see Table 9.3). This study
reveals the presence of multiple subspaces for each of the considered eigenspaces. This

allows us to further decompose each of the sums of squares in (9.11) as another sum of
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squares. For those within-source comparisons, we have that

N. no (p) N.
_ , . _ , .
scBi; E Vi, Uy, | BiiSe = 8cBii |v11, + E Vi, Uy, + E Vi, Uiy + Vi, Vg, | BiiSe
1=2

=1 l=no+1 l:(néo)

[ no Ni;
- , -
= 8.By; |vi, + g Vii, Uy, T+ E V44, Vii, | BiiSe
L =2 l=no+1

where N;; = (”20) is the number of eigenvectors associated with non-zero eigenval-
ues, and is also the number of “interesting” eigenvectors v;;. In particular, we have
that the elements that are equal to one correspond to the dimensions whose associated
eigenvalues are zero. These vectors form the standard basis for the null space of the
corresponding matrix, and correspond to the rows of B;; that are equal to the zero vec-
tor. As an example, we consider the matrices that result when n = 3 and ny = 4. The
first column of Figure 9.5 and the first three columns of Figure 9.6 display the heat
maps of By and of the matrix of eigenvectors V. for comparisons within the putative
source, and of Bi;, By, and Bss, and of the matrices of eigenvectors Vi;, Vs and
V33 for comparisons within the random sources, respectively. Note that the N;; X Ny;
patchwork matrices with each of the V;; matrices correspond to the nonzero rows of
the corresponding B;; matrices. Because the placements of the nonzero elements in
these eigenvectors correspond to the zero elements of the diagonals in the associated

B; matrices, the product of the B;; matrix with these sets of eigenvectors results in a

zero-valued sum of squares.
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Similarly, for between-source comparisons, we have

N. ()1 n3 N.
_ , _ - , -
ScBiir E ViiViyr | Birse = 8By |v11, + E Vi Vi + E Vi Uiy + E Vi Vi | Biirse
=1 1=2 / —n2
| =(9) =

I (")~

1 N;;
g /
= 8B |vi, + Y vty +
=2

/ Vi Vit | Biirse

1=("p)

where N;; = n? is the number of eigenvectors associated with non-zero eigenvalues,
and is also the number of “interesting” eigenvectors v;;;. In particular, we have that the
elements that are equal to one correspond to the dimensions whose associated eigen-
values are zero. These vectors form the standard basis for the null space of the corre-
sponding matrix, and correspond to the rows of B;; that are equal to the zero vector.
The second, third, and fourth columns of Figure 9.5 and the last three columns of Fig-
ure 9.6 display the heat maps of By, Bys and By and of the matrix of eigenvectors
Vi1, Vie and V3 for comparisons within the putative source, and of V5, B3 and B3,
and of the matrices of eigenvectors V5, Vi3 and Va3 for comparisons within the random
sources, respectively. Note that the N;;; x N;;; patchwork matrices within each of the
V,» matrices correspond to the nonzero rows of the corresponding B;;; matrices. Be-
cause the placements of the nonzero elements in these eigenvectors correspond to the
zero elements of the diagonals in the associated B;; matrices, the product of the B;;

matrix with these sets of eigenvectors results in a zero-valued sum of squares.
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This decomposition is favorable in that studying the relevant parts of the eigen-
decomposition of 35, is equivalent to studying the eigen-decomposition of the relevant

parts of 3. That is,

N / Nij /
8.Bi; Z’Umviil Bis. = si UZ‘,UZL Sii
=1 =1
Ne Ny
~ / ~ ~ « % | ~
'ScBii’ Z’U“i’vuz Bii’sc = S Z’U“; i) St
=1 =1

where v} are the eigenvectors of the Ny; X N;; matrix formed by considering the non-
zero rows of the columns associated with the non-zero eigenvalues of v;;, and v;; are
the eigenvectors of the N;; x N;; matrix formed by considering the non-zero portions
of the columns associated with the non-zero eigenvalues of v;; This is equivalent to

considering only the indices of 3. that correspond to each source comparison. That is,

*

vy;, are the eigenvectors of

2 2 2 2 2
Z“‘ = PiiPi/iO-a + Q“Q;ng + R’L’LR;zUc + 1—1“111/10-(1 + IiiO'e, (914)
the matrix formed by considering the rows of 3. associated with some within-source
comparison, and v;;; are the eigenvectors of

Eii’ = -Pii’-ljz’,i’o-g + Qii/Q;i/O'g + Rii/R;i/O'CQ + Ei/frg-/O's + Iiilgg, (915)

1

the matrix formed by considering the rows of 3. associated with some between-source
comparison. In addition, we have that s;; = (A (s; — 0:i1n,,)), where A;; is the
Nii X Nj; portion of A, that considers o;, and ;7 = (A (87 — 6iv1n,,)), where

A,y is the Ny x Ny portion of A, that considers ;.
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Sk
Eigenvalue (vg,) Multiplicity (m,,kkl) Eigenvectors (vp,)
I
2(ng —1) 02+ ("0)o2 +2(2ng — 2) 03 + 02 1 Vg 1= ik
(no — 2) 0'5 +2(ng—2) 0’3 + 0’2 ng— 1 Vg, such that Vipvre, = vir, i,
Uz (7120) —no v;3, such that Vigvry, = Vi, Vi,
Yip
Eigenvalue (vgp,) Multiplicity (m,,, ) Eigenvectors (vyy,)
2ngo2 + ndo? + dngo? + o2 1 Or = —Nkp
004 + ngog +4ngoy; + o kp1 TNer
neo2 + 2n0cr§ + o2 2ng — 2 Vgp, such that Vi,vi,, = Vip, Uiy,
2
a2 (nop —1) Vkp, such that Vipvky, = Vip, Vkp,
Zpp
Eigenvalue (vpp,) Multiplicity (., ) Eigenvectors (vpp,)
Iy,
2(ng — 1)o2 + (") o2 4 2(2ng — 2)02 + 02 1 Vpp, = —~22
( 0 ) a ( 2 ) c ( 0 ) d e pp1 \/m
(no — 2)o2 + 2(ng — 2)0% + o2 ng — 1 Vpp, such that Vv, = vpp, vpp,
a2 (%) —no vy such that Viyviy = v viy
Sy
Eigenvalue (v,,) Multiplicity (ml,pp;) Eigenvectors (v,,)
 FYa
2np02 + n3o? + 4n003 + o2 1 Uyt = \/%
noag + 2n003 + 02 2ng — 2 Vpy! such that V,, Vppt = Vpply U
2
a2 (no —1) Upp, Such that Viyvp = vy v

Table 9.4: Eigenstructure of design matrices, Xy, Xy, Bgp and 3,y in (9.14) and (9.15)

These results follow from using the B;; and B;; matrices to activate certain
areas of the vector s. and the matrices Vj;, Vj;/, i.e., introducing the matrices B;; and
B;;r allows us to activate the parts of s. and X, that correspond to the different source
comparisons. Rather than consider a sparse V.. vector alongside a sparse N.x N, matrix,
we can directly consider the interesting parts of the vector and matrix by considering the
associated V;;— or V;;— dimensional vector, and N,;; x N;; or N,;;; X N,; dimensional

matrix. Thus, we can explicitly define the sums of squares such that

SSi = (A (80— 0ulny)) (v5,05) (A5G (s — 0iiln,,)) +
ng
( (S“ 9”1]\]” <Z ’U“l’U”l > (sii —(9”‘1]\[”)) + (916)
=2
Ni;

(A;l (Sii - 9221Nu))/ ( Z vz*zlvul ) A;l (Sii - eiian)) P

l=nop+1
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for within-source comparisons and

S50 = (A7 (s —0uix,) (eigeiy’) (A7 (o — Ourtn, ) +
, (n20)71
(Ai;’l (Sii’ - eii’lN“/)) v:igv;igl (Ai;’l (Sii' - eii’]-N“/)) + (9'17)
=2
Nu;
(A5 (s = 0021n,)) | Y0 wivs | (AL (s — 0iln,))
=)

for between-source comparisons, where the degrees of freedom for each line of (9.16)
and (9.17) are equal to the multiplicities of the associated eigenvalues in Table 9.4, and

the total sum of squares remains as in (9.9). It is trivial to show that

r+1 3
D 2w

i=1 LI=1

r r+l 3
+Z Z [Zmy”;] = N..

i=14'=i+1 Li=1

In the following sections, we analyse the three terms that make up the sums of squares
defined in (9.16) and (9.17) so that we can write each term without the use of eigenvec-

tors.

9.2.1 ALTERNATIVE REPRESENTATION OF WITHIN-SOURCE SUMS OF
SQUARES INVOLVING THE PUTATIVE SOURCE

We begin by studying the individual terms in the within-source sum of squares
for the putative source. This sum of squares follows the form given by (9.16), which
is composed of three sums of squared terms. The developments for these terms follow

those presented in Appendix D. We re-write the first term as

1 o« o N _
(Sik — Ourlng,) At Vi, Vi, Ar (Sie — Ouly,,) = T;{k (Gir — Our)* (9.18)
kk

= SSA[M,

where 5p; is the average score observed for the within-source comparisons from the

putative source, k. Recall that Ny, = ("20)

: : -1 no % * -1
Next, we consider the structure of the sum given by A" 3%, vi, v | A,
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Following the development by [6], we can write this second sum of squares as

T B VN (no —1)* <=/t = )2
S Ak kakzvkkl Ay Sk = 2 ( _2)Z<Skk _Skk) (9.19)
1=2 Tkr T j=1
= SSWM,

where 5,(;}3) is the mean value of scores that compare object 7 from the putative source,
k, to any other object in the putative source, k, and Sy is as in (9.18). The final result,
given by (9.19), gives the within-source sum of squares for the putative source model.
By considering this term in conjunction with the total sum of squares from the consid-
ered model, SSro,, = U_%k 2?11 Z;L,Oz_jil (Skjki — Spe)” (this is the sum of the last
two terms in (9.16)), we can obtain an eigenvector-free estimate of the last term in .S\ Sy
by considering SSr.,, — SSw,, (see Table 9.5). By using the results of Cochran’s

theorem presented in Section 3.1.2, we obtain the following results.

Source of Variance df SS MS E(MS)

Within Source ng—1 SSwis M Sw,, = Sﬂ?ﬁ’i" (no — 2)02 +2(ng — 2)03 + o2
SSE

Error Ny —no  SSg,, = SSrotyy, — SSwy, MSE, = N,CkE—kﬁo ot

Table 9.5: ANOVA table corresponding to within-source sums of squares for the putative
source, SSkk.

9.2.2 ALTERNATIVE REPRESENTATION OF BETWEEN-SOURCE SUMS OF
SQUARES INVOLVING THE PUTATIVE SOURCE AND A RANDOM
SOURCE FROM THE POPULATION

Next, we consider the terms in the between-source sums of squares terms of
the form given by (9.17) that consider one object from the putative source compared to
one object from a random source in the population. The developments for these terms
follow those presented in Appendix E. As in the previous sums of squares development,

we can rewrite the first term as

Nip
2
Ok

= SSMkp,

(Skp — Hk-g”]-Nkp)/ A;;lv;ple;IA;; (Skp — gk’ﬂ]-Nkp) (gkp — eky)2 (920)
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where 5y, is the average score observed for between-source comparisons that consider
an object between the putative source, k, and from a random source from the population,
p € {1,...,7}. Recall that Ny, = n?.

Next, we consider the structure of the sum givenby A, 1 [S7" " wy v | AL

As before, we can write this second sum of squares as

2np—1

_q . _ n? O (ks Yy - \2 ! (kp.)  _ \2
S By [ > vkmvkpz:| Ay s ° (Z (“”kpjp - Skp) + 2 (Skp T Skp) (9-21)
=2

2
o T
k™0 \ 5 §'=1

= SSwy,,

(kj)

where 5,7, p € {1,...,7},j € {1,...,ng}, is the mean value of scores that compare

object j in source k to any object in source p, 5,(5)"/), pe{l,....r}, j € {l,...,n0}
is the mean value of scores that compare object j' in source p to any object in source
k, and 5y, is as in (9.20). The final result given by (9.21), gives the within-source
sum of squares for the between-source k,p comparisons. By considering this term
in conjunction with the total sum of squares for the considered model, 5SSz, =
% 2?51 > gy (Skjp — Skp)°, we can define an eigenvector-free estimate of the last

term in 5SSy, by considering SS7.¢,, — SSw,,. By using the results of Cochran’s theo-

rem presented in Section 3.1.2, we obtain the following results.

Source of Variance df SS MS E(MS)
Within Source 2ng — 2 SSwi, MSw,, = 55—5 npo? + 2n003 + o2

Error (nO - 1)2 SSEkp - SSTOtkp - SSWkp ]WSEkp = Ekfp (72

e

Table 9.6: ANOVA table corresponding to within-source sums of squares for the putative
source and random sources from the population, SSy,,.

9.2.3 ALTERNATIVE REPRESENTATION OF WITHIN-SOURCE SUMS OF
SQUARES INVOLVING RANDOM SOURCES FROM THE POPULATION

We now move to study the individual terms in the within-source sum of squares
for random sources from the population. This sum of squares follows the form given by

(9.16), which is composed of three sums of squared terms. The developments for these
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terms follow those presented in Appendix D. We re-write the first term as

N,

! -1’ % */ — 2
(SPP - 99’9/’11\%19) ALy Vpp, Vpp App (spp - 99’9”11\%) = Ué; (8pp —p2)” (9:22)
= SSM

pp’?

where 5, is the average score observed for the within-source comparisons from random
sources from the population, p € {1,...,r}. Recall that N,,, = ("¥).
: : -1 no % * -1
Next, we consider the structure of the sum given by A [ v’ v } A

=2 “pp1 “ppi

Following the development above, we can write this second sum of squares as

no 2 no
-1/ * * -1 (no — 1) =(p; = 2
S;PAPP Z Uy Vppy | Bpp Sop = o2 (nn—2) (51(%) - Spp) (9.23)
1=2 00— 2) j=1
= SSWPP’
where 51(3’;”' ) is the mean value of scores that compare object j from the considered ran-

dom source, p, to any other object from the considered random source, p, and s, is as
in (9.22). The final result, given by (9.23), gives the within-source sum of squares for
the random sources model. By considering this term in conjunction with the total sum
of squares from the considered model, SSr;,, = @ > oo Z?P;]lu (Spjmi’ — Spp)
(this is the sum of the last two terms in (9.16)), we can obtain an eigenvector-free esti-

mate of the last term in SSp, by considering SSr,t,, — SSw,, (see Table 9.7). By using

the results of Cochran’s theorem presented in Section 3.1.2, we obtain the following

results.
Source of Variance df SS MS E(MS)
Within Source no—1 SSw,, MSw,, = én;”_/pl” (no — 2)02 + 2(ng — 2)o2 + o2
5
Error Npp —ng SSEW = SSTOtpp — SSWW JWSEW = Npp'ipfl)o O’S

Table 9.7: ANOVA table corresponding to within-source sums of squares for the putative
source, SSpp.
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9.2.4 ALTERNATIVE REPRESENTATION OF BETWEEN-SOURCE SUMS OF
SQUARES INVOLVING RANDOM SOURCES FROM THE POPULATION

Next, we consider the terms in the between-source sums of squares terms of the
form given by (9.17) random sources in the population. The developments for these

terms follow those presented in Appendix E. As above, we can rewrite the first term as

R N | Nppr 2
(SWI B 099'11\7@’) Ay Uppy Uppy ALy (spp’ - 09’9‘”11\’;.;7') = 02;;/ (8ppr — O 21)7(9.24)
= SSum,,, (9.25)

where 5,/ is the average score observed for between-source comparisons that consider

objects from random sources from the population, p # p’ € {1,...,r}. Recall that
2
Npp/ — no.
. . —1 2n0—1 * 1
Next, we consider the structure of the sum givenby A_ [ =2 Upy? ppj A

As before, we can write this second sum of squares as

, 9 ot - ! 1 "0 (PP 7 _ 2 20 7(;1)1-17/) _ 2
Sm/App’ vzm{’vzm{ APP’SW’/ = no Z — Spp’ +Z Spp! ~ Spp’ (9.26)
1=2 }J’ j'=1 j=1
= SSWkpv
where s](f;],), p,p € {l,...,r}, j € {1,...,n} is the mean value of scores that

()

compare object j in source p to any object in source p/, 5,5,

j e {l,...,ng} is
the mean value of scores that compare object j' in source p’ to any object in source
p, and 5, is as in (9.24). The final result given by (9.26), gives the within-source
sum of squares for the between-source p,p’ comparisons. By considering this term
in conjunction with the total sum of squares for the considered model, S STotpp, =

= T ! > i1 (Spjgyr — 5,,)°, we can define an eigenvector-free estimate of the

last term in 5.5,y by considering 5SSt , — SSw, ,. By using the results of Cochran’s

theorem presented in Section 3.1.2, we obtain the following results.
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Source of Variance df SS MS E(MS)
SSw. /

Within Source Mo—2  SSw,, MSw, , = 5B noo; + 21903 + 07
5Sg

EI"I“OI“ (’rlo — 1)2 SSEPP’ = SSTOtpp’ — SSWYPP’ ]WSEPP’ = ﬁ O'g

Table 9.8: ANOVA table corresponding to within-source sums of squares for random
sources from the population, S5, .

9.3 PARAMETER ESTIMATION

At this point, we would like to use the results presented in Sections 9.2.1, 9.2.2,
9.2.3, and 9.2.4 to estimate the parameters of our model; however, given the dependen-
cies that exist between the various parameters, we must resort to sampling methods to
obtain posterior samples of the model parameters. In particular, we use a Gibbs sampler
with a Metropolis-Hastings step to study the distributions of our various parameters [14,
44]. Before defining the Gibbs sampler, we must first assign posterior distributions to
the model parameters (developments for the posterior distributions of #;;; and o;;» follow
those presented in Appendices F.2 and F.3.

2 2 2

We begin by assigning posterior distributions for the variance terms, o7, 0, 02,

o2, and o2. Given the particular dependency that exists between these parameters, we
can define a posterior distribution to study these variance terms simultaneously. We

begin by collecting all mean sums of squares terms defined in Tables 9.5, 9.6 9.7, and

2

2 02, and 02. We

9.8 to capitalize on all information related to the values of 02, ag, o

have that

SSar,,
2(no—1)02+("0)o2+4(no—1)o2+0?2

SSwW SSEL

for the sum of squares that consider comparisons that occur within the putative source,

SS]\{,C 2 SSWk 2 SSEk 2
P ~ P~ ~
2n003+n303+4n003+03 de:1 n00'3+2n00'§+03 de:2n0—2 o2 de=(”0—1)2

for the  sums of squares terms that consider comparisons that occur between an object

~ 2 ~ 2 —_— e 2
Xdf=1 (no—2)o2+2(no—2)o2+02 Xdf=no—1 a2 Xdf =Ny —no



139
from the putative source and an object from a random source from the population,

SSmpp ~ X2 SSwpp ~ XQ' SSEpyp ~ X2‘
2o Dot (9o Halmo D et~ XU=1 =BT ralne—Bareer ~ Xdr=no—1 o2 ™ Xdf=Npno

for the » sums of squares terms that consider comparisons that occur within the same

random source from the population, and

SSvm_, SSw_, SSE_,
pP PP

2ngo? +n§o’f+4noafl+ag de:1 n00'3+2n00'(2i+02 de:2n072 o2 de=(’fbo—1)2

for the (;) sums of squares terms that consider comparisons that occur between two
random sources from the population. Note that the sums of squares terms for the
two within-source scenarios correspond, as do the sums of squares terms for the two

between-source scenarios. Using this information, we can define

N SSu,,  SSw,,  SSE,
MS(,42<01+C2+03>
ie€{l,...,r,k}
SSy., SSw., SSE.,
(X3 (X3 (X3 .2
+ 0y Z(C4+C5+C3) (9.27)

ie{l,...,r}i'e{2,...,r,k}

~

2
Xap=(+9m0)=("5) = (r+1)

where

o N

C1 =2(no — 1)o2 + (") o? + 4(no — 1)o3 + o2 Ca = (ng — 2)02 + 2(ng — 2)02 + o2 Cs=0

Cy = 2ngo2 +ndo? + 4n003 + o2 Cs = noo? + 2n003 + o2

We can now define a posterior distribution for the variance terms, o2, o7, 02, o2, and
o2, by considering a x? likelihood for the M .S, term, and assuming a Dirichlet prior
(since we have the constraint that 202 + 02 + 403 + 02 = 202 4 20} + 403 + 02 = 1,

with 02 = 207), such that

7T({02,05,03703”]\4507{eii’}ii/,{ﬂii/}n',sya) X X2(MSaHUZJg,Ug,Ug},{Qii/}ii’,{Uw}ith,Oémﬂa)

x D ({02 04,05, 02}a), (9.28)
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where the dependence of M S, on {0y }iv, {0 }iv, it € {kk, kP, PP, PP} in
(9.28) results from the construction of the M .S, term as a sum of the various sums of
squares terms defined in Section 9.2.

Next, we move to assign the posterior distributions for the mean terms. How-
ever, this model requires proceeding via a different route than that considered for the
two-class and multi-class models. While the posterior distributions take the same form,
we consider a fixed number of terms. In the two-class and multi-class scenarios, the
number of mean and standard deviation terms depended on the number of sources being
considered. For this model, rather than consider (r + 1) (") + ("}")n? mean terms, we
consider four mean and standard deviation terms related to the four varieties of source-
comparisons that we encounter in this model (i.e., within putative source comparisons,
between putative and random sources from the population, within random sources from
the population, and between random from the population), regardless of the number of
random sources considered.

Thus, we assign the posterior distributions for each of the four mean parameters,
Oir € {0k, Ok, 025,055 }, by considering a multivariate normal likelihood over the
scores that consider the particular source comparison, and assuming a Normal prior

with mean ¢;; and variance w;y, it’ € {kk, k&P, PP, P P’} such that

2 2 2 2 2 2 2 2 2 2
7T(gii/|sii’aUii’ao—aao—baacvJdage»¢ii’»wii’) X MVN(Sii"aii/vaii/vgaaUbagcaadvoea¢ii’~7wii/)

x N (Oir|pizr, wir) (9.29)

where the resulting posterior distribution is Normally distributed. The parameters of

the posterior distribution of 6;;; are given by

/ —1
o 1y, 20 sir + diir _ Wiir
B, =3~ w1 1 RTINS E 1
N,y i LN, Wi + N, i LN, Wi +

where the terms N;;, 1 N> Siv and 3 have dimension (”20) when we consider the

vector of scores that compare two objects from the putative source (i.e., it’ = kk),

have dimension rn? when we consider the vector of scores that compare an object from



141

the putative source to an object from the population (i.e., i/’ = k&), have dimension
7“("20) when we consider the vector of scores that consider two objects from the same
random source in the population (i.e., i’ = £ £?), and have dimension (;)ng when we
consider the vector of scores that compare two objects from different random sources
in the population (i.e., i’ = P F").

As in the case for the mean terms, we find the posterior distributions for each
of the four variance parameters oy € {Ojk, Ok, 0,059 }, by considering a Mul-

tivariate Normal likelihood over the scores that consider the particular source compari-

son, and assuming an Inverse-Gamma prior such that

2 2 2 2 2 2 2 2 2 2 2 2
71-(Uii’|3ii’a9ii'7aaao-bao'c70'da0-eaaii’aﬂii') X MVN(Sii’|U" 01'7;”0- abvocvadaaeaaii’aﬁii')

2’ a’

X IG (o5 levii Biir) (9.30)

where the resulting posterior distribution follows an Inverse Gamma distribution. The

parameters of the posterior distribution of o2, are given by

Niis
2

1
+ i Biiy, = 3 (siir — Oirln,,) S5t (si — i ln,, ) + Biar,

QG50 =
iy,

where, again, the terms N;;/, 1y, 8; and 3;; have dimension (”20) when we consider
the vector of scores that compare two objects from the putative source (i.e., i’ = kk),
have dimension rn? when we consider the vector of scores that compare an object from
the putative source to an object from the population (i.e., i’ = kZ?), have dimension
7"("20) when we consider the vector of scores that consider two objects from the same
random source in the population (i.e., i’ = & &), and have dimension (;)ng when we
consider the vector of scores that compare two objects from different random sources
in the population (i.e., i’ = Z2").

The posterior distribution given by (9.30) provides us with samples from the

posterior distribution of the variance term, O'izi/. We, however, are interested in the
standard deviation term, o;, and so we simply take the square root of the sampled

variance terms to obtain samples of the standard deviations. The resulting inference is
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not affected.

We note that each of the distributions described in (9.28), (9.29), and (9.30)
depends on the value of at least one other parameter; therefore, we must rely on sam-
pling techniques to study the distributions of the model parameters. We construct the

following Gibbs sampler, described in Algorithm 5.

Algorithm 5: Gibbs sampler for generating posterior samples from the
distributions of the model parameters
Data: Initial values for all parameters at ¢ = 0; values for hyperparameters
Result: Posterior samples for all parameters
fort € 1:7T iterations do
1. Draw {02(?5) Q(t), crfl(t), az(t)}|MSét_1), o1 s, o from the
distribution defined in (9.28);
2. Calcualte 07" = 257 ;
for i’ € {kk, k@ PP, PP} source comparisons do
3. Draw «9 |s“, Z(f, 1),03(”,05(0,03(”7 o 20 , Giir, wypr from the
dlstrlbutlon defined in (9.29);
4. Draw a |s”/, Z(f/), 02“), ag(t) ad( ) ag(t), oyt By from the
dlstrlbutlon defined in (9.30);
end

end

Algorithm 6: Metropolis—Hastings algorithm for obtaining a sample of
o0’ ={0?% 0%,02 03 02} from the posterior distribution of {02, 02,03 02}

c
Data: Current value of {02, 02,02, 02, 2}(~1); value for hyperparameter o
2 2

Result: Posterior sample of {02, 67, 02, 02, ae}
=1 = (25Z(t_1), 25§(t_1), 452“_1), 53(15—1)) in terms

1. Define the vector of &%
of the current sigma values;

2. Sample a candidate value, 6% ~ D (g2!~V);

3. Calculate the value of M S* using the candidate value o** using (9.27);

4. Calculate the value of M S us1ng the current value &>(*~2) using (9.27);

5. Evaluate the posterior density of a2*, f*, using the hyperparameter c, the
value of M S?, and (9.28);

6. Evaluate the posterior density of a2(¢~1), f(*~1) using the hyperparameter

a, the value of MSY ™Y, and (9.28);

ey f* 'D(&Q(t71>|5’2*)
7. Calculate the probability of acceptance, py.. =

F=1) D(5.2*|52(t—1))

8. Generate a random probability, p* ~ U(0,1);

9. If puee > p*, then define a2 := 2*; otherw1se deﬁne o
10. Return the Vector {al(t) /2,0 ~2(t /2,0 ~2 ~§ /4,04 }as the current
values of {02, 02,02, 02, 02}.

F2(1) .— F2(t-1).

Because the posterior distribution defined for {02, 02,032, 02} in (9.28) is not

readily available, we cannot directly sample from this distribution. As a result, the
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first step in Algorithm 5 is not so straightforward - indeed, obtaining a sample from
the posterior distribution of {02, 07, 03, 02} requires introducing a Metropolis-Hastings

algorithm [14, 44]. This procedure is summarized in Algorithm 6.

Now that we have identified a method for obtaining samples of the parameters

2 2 2 2 2
used to define 0, A, and {0, 0;,02, 03,07

}, we can assign a Bayes factor to determine
if it is more likely that the set of trace objects originated from the putative source, or it
if is more likely that the set of trace objects originated from some random source in the

population of potential sources. In particular, we define
fgp C(5:[82p, sc) dIL (€2,]s.)

b T (9 s L (2]s.) (931

% E?:l ¢ <3t|91(9t)7 30)
% ZZ;:I l (St’QCh 80)

Q

(9.32)

where s, is the vector of scores that consider at least one trace object, the subscripts on
Q correspond to the model being considered, and Q") are posterior samples of the pa-
rameters obtained using Algorithm 5. We consider the conditional posterior probability
of the scores that consider objects of unknown origin from the set X, s;, rather than
the joint posterior probability of s, so as not to recycle the information contained in the

vector of scores s., which are used to sample the parameter values.

9.4 RECOVERING THE MODEL PARAMETERS

In this section, we move to assess the performance of the proposed model. We
look at simulated data with known parameters to determine the ability of the model to
recover the model parameters as the number of random sources sampled from the pop-
ulation, 7, and the number of observations per source, ng, increase. To determine the
combination of r and ng that allows the model to appropriately estimate the parameters,
we consider a scenario in which we sample scores directly from the proposed distribu-
tion given by (9.8). We fix 0y, = 10.9, 0r» = 16.5, 055 = 13.0, and 0545 = 9.7

for the mean terms, and o, = 2.6, 0, = 3.4, o = 2.8, and o » 4 = 4.4 for the
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standard deviation terms.

To gauge the values of r and n that allow for obtaining a reliable estimate of
the parameters, we consider r € {5,10,15}, and ng € {4,5,6,7}. Given ((”'2)"0)-
dimensional vectors of scores, s., we can use Algorithms 5 and 6 to sample from the
posterior distributions of the parameters, and determine at which point we begin to see
stabile results. Figures 9.7, 9.8, 9.9, and 9.10 depict the posterior distributions of the
different mean and standard deviation parameters when r = 5, 10, and 15, respectively.

Tables 9.9, 9.10, 9.11, and 9.12 summarize the results of Figures 9.7, 9.8, 9.9, and 9.10.

Parameter Sample Mean  Posterior Mean  Posterior Median  Posterior Mode

ng =4

O 9.424 9.430 9.469 10.884
O o 15.111 15.046 15.012 15.328
0 11.292 11.317 11.364 10.927
0 o1 7.533 7.571 7.539 6.963
ng=>5

O 10.302 10.306 10.304 10.256
Or o 15.965 15.976 15.976 15.909
O o 13.043 13.076 13.054 12.94
0 o1 9.437 9.452 9.447 8.373
no =6

Ok 9.787 9.815 9.820 9.624
O o 17.666 17.636 17.658 17.970
0o 13.772 13.789 13.788 14.152
0 o o1 11.352 11.318 11.321 11.090
ng =717

Ok 8.352 8.353 8.386 7.800
Or o 15.168 15.191 15.224 15.391
0 o 12.555 12.568 12.580 12.761
0 o1 9.281 9.291 9.292 9.028

Table 9.9: Point estimates for posterior distributions of 6;; € {Okk,O0k2,02 5,025},
when r = 5. The mean parameters are fixed such that 0y, = 10.9, 0. = 16.5, 0 pp» =
13.0, and 0(@3&7/ =9.7.
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Figure 9.7: Posterior distributions of 6,y € {0k, Ok 2,022,022}, for the population-
based model when r = 5 random sources from the population and ng = 4 (first row),
ng = 5 (second row), ng = 6 (third row) and ng = 7 (fourth row). Red vertical lines
correspond to the mean of the posterior distributions obtained using Algorithms 5 and
6; blue vertical lines correspond to the medians of the posterior distributions; purple
vertical lines correspond to the mode of the posterior distributions; green vertical lines
correspond to the sample means of the different source combinations that exist within
the sampled vectors of scores.

Parameter Sample. . Posterior Mean  Posterior Median  Posterior Mode
Standard Deviation

no =4

Okk 2.832 8.453 7.988 8.306
Ok 3.491 7.874 7.557 7.014
o 2.437 6.499 6.201 6.297
O/ 3.317 9.804 9.328 9.944
nog =5

Okk 1.601 3.215 2.985 2.835
Ok 3.417 5.625 5.985 2.383
oo 3.115 4.028 3.790 3.366
T o ot 4.159 5.805 5.739 2.884
ng =6

Okk 1.023 3.412 3.752 4.275
Ok 2.981 9.094 11.207 11.097
o p 2.799 7.524 9.056 7.670
O/ 4.163 11.645 14.444 15.717
ng =7

Okk 1.788 5.019 4.532 1.551
Ok 2.866 7.472 6.739 4.407
o 1.834 4.942 4.454 4.193
T o ot 3.324 8.427 7.519 2.548

Table 9.10: Point estimates for posterior distributions of 0y € {okk, ok, 022,02 },
when r = 5. The standard deviation parameters are fixed such that ox, = 2.6, opp =
34,092 =2.8, and cpp = 4.4.
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Figure 9.8: Posterior distributions of 0, € {okk, 0k 2,095,025 }, for the population-
based model when r = 5 random sources from the population and ng = 4 (first row),
no = 5 (second row), ng = 6 (third row) and ng = 7 (fourth row). Red vertical lines
correspond to the mean of the posterior distributions obtained using Algorithms 5 and
6; blue vertical lines correspond to the medians of the posterior distributions; purple
vertical lines correspond to the mode of the posterior distributions; green vertical lines
correspond to the sample standard deviations of the different source combinations that
exist within the sampled vectors of scores.

Parameter Sample Mean  Posterior Mean  Posterior Median  Posterior Mode
no =4

Ok 12.082 12.073 12.086 13.108
01, o 15.779 15.773 15.785 16.033
O o 12.812 12.814 12.810 12.857
0 o o 8.990 8.964 8.972 8.910
nog =95

Ok 7.894 7.907 7.907 8.155
01, o 15.512 15.528 15.525 15.455
0 o 13.196 13.195 13.185 13.158
0 o o1 9.686 9.678 9.696 10.035
ng =6

Ok 13.309 13.323 13.332 13.233
01, o 17.892 17.897 17.888 18.067
0 » 13.096 13.103 13.104 13.054
0 o o 10.418 10.430 10.431 10.938
ng =7

Ok 10.894 10.899 10.902 10.671
01, o 16.133 16.130 16.128 15.993
0 12.642 12.640 12.642 12.844
0 o o 9.322 9.317 9.329 9.783

Table 9.11: Point estimates for posterior distributions of 0;; € {Okk,0x2,02 2,025},
— 109, Opp =

when » = 10. The mean parameters are fixed such that 6
9@@ = 130, and 93@@/ =9.7.

16.5,
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Figure 9.9: Posterior distributions of 6,y € {0k, Ok 2,029,025}, for the population-
based model when r = 10 random sources from the population and ng = 4 (first row),
ng = 5 (second row), ng = 6 (third row) and ng = 7 (fourth row). Red vertical lines
correspond to the mean of the posterior distributions obtained using Algorithms 5 and
6; blue vertical lines correspond to the medians of the posterior distributions; purple
vertical lines correspond to the mode of the posterior distributions; green vertical lines
correspond to the sample means of the different source combinations that exist within

the sampled vectors of scores.

Parameter Sample. . Posterior Mean  Posterior Median  Posterior Mode
Standard Deviation

ng =4

Okk 1.607 5.434 4.811 3.855
Ok 3.367 11.253 10.314 10.764
o p 3.66 7.293 6.233 5.783
O 4.744 12.796 11.687 11.690
ng =25

Okk 1.211 2.500 2.147 1.295
Ok 3.270 5.626 5.302 2.710
oo 2.351 4.417 3.905 2.365
T gp gp! 3.876 6.668 6.573 3.215
ng =6

Okk 2.510 2.880 2.817 2.518
Ok 3.292 3.118 3.115 3.129
o p 2.290 2.529 2.521 2.508
O 4.059 4.200 4.198 4.171
ng =7

Okk 1.774 1.949 1.916 1.814
Ok 2.921 2.415 2.414 2.387
o 2.429 2.058 2.054 2.031
T o ot 3.851 3.552 3.551 3.557

Table 9.12: Point estimates for posterior distributions of 0y € {okk, ok, 022,02},
when r = 10. The standard deviation parameters are fixed such that oy, = 2.6, o2 =

34,099 =2.8, and cpp = 4.4.
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Figure 9.10: Posterior distributions of 0y € {okk, ok 2,022,055 }, for the population-
based model when r = 10 random sources from the population and ng = 4 (first row),
no = 5 (second row), ng = 6 (third row) and ny = 7 (fourth row). Red vertical lines
correspond to the mean of the posterior distributions obtained using Algorithms 5 and
6; blue vertical lines correspond to the medians of the posterior distributions; purple
vertical lines correspond to the mode of the posterior distributions; green vertical lines
correspond to the sample standard deviations of the different source combinations that
exist within the sampled vectors of scores.

Parameter Sample Mean  Posterior Mean  Posterior Median  Posterior Mode
ng =4

Ork 14.804 14.812 14.840 14.878
0. o 18.532 18.555 18.507 18.373
0o 12.833 12.863 12.842 12.751
0 o oo 9.322 9.2667 9.272 9.924
ng=>5

Ok 9.343 9.336 9.338 9.274
Or o 16.008 16.004 15.997 16.058
0 2 13.276 13.286 13.286 13.319
0 o1 9.609 9.604 9.604 9.484
no =6

Ork 10.618 10.614 10.612 10.741
(I 15.366 15.363 15.358 15.345
0 o 12.070 12.066 12.064 12.021
0 o o1 8.992 8.990 8.990 9.066
ng =717

Ok 14.096 14.081 14.073 13.921
01, o 17.365 17.359 17.359 17.187
0 2 12.339 12.338 12.342 12.491
0 o1 8.809 8.808 8.809 8.978

Table 9.13: Point estimates for posterior distributions of 0;; € {Oxk,0k2,0 25,05},
when r = 15. The mean parameters are fixed such that 0y, = 10.9, 0, = 16.5,

0.5 = 13.0, and O.p .5 = 9.7.
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Figure 9.11: Posterior distributions of 0;; € {Okk, 0x2,02 5,055 }, for the population-
based model when r = 15 random sources from the population and ng = 4 (first row),
ng = 5 (second row), ng = 6 (third row) and ny = 7 (fourth row). Red vertical lines
correspond to the mean of the posterior distributions obtained using Algorithms 5 and
6; blue vertical lines correspond to the medians of the posterior distributions; purple
vertical lines correspond to the mode of the posterior distributions; green vertical lines
correspond to the sample means of the different source combinations that exist within
the sampled vectors of scores.

Parameter Sample. . Posterior Mean  Posterior Median  Posterior Mode
Standard Deviation

ng =4

Okk 1.352 3.061 2.942 3.061
Ok 3.252 6.999 8.382 7.465
o 3.053 5.377 6.083 5.627
O ot 4.573 8.048 9.874 8.575
ng=>5

Okk 2.189 2.479 2.409 2.344
Ok 5.366 3.850 3.844 3.880
. 3.563 2.980 2.980 2.994
O/ 2.582 1.779 1.780 1.783
ng =6

Okk 2.785 2.759 2.685 2.758
o 5.632 3.548 3.542 3.591
oo 4.036 2.668 2.665 2.648
O gt 3.007 1.651 1.651 1.654
ng =717

Okk 4.190 4.041 3.986 3.798
Ok 5.975 3.899 3.894 3.924
opp 3.482 2.687 2.692 2.736
O/ 2.727 1.963 1.962 1.958

Table 9.14: Point estimates for posterior distributions of 0y € {okk, ok 2,022,025},
when r = 15. The standard deviation parameters are fixed such that oy, = 2.6, o =
34,029 =28, and oz = 4.4.
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Figure 9.12: Posterior distributions of 0 € {okk, ok 2,025,029 }, for the population-
based model when r = 15 random sources from the population and ng = 4 (first row),
no = 5 (second row), ng = 6 (third row) and ny = 7 (fourth row). Red vertical lines
correspond to the mean of the posterior distributions obtained using Algorithms 5 and
6; blue vertical lines correspond to the medians of the posterior distributions; purple
vertical lines correspond to the mode of the posterior distributions; green vertical lines
correspond to the means (for 6;) and standard deviations (for o) of the different
source combinations that exist within the sampled vectors of scores.

There are three implications of Figures 9.7 through 9.12 and Tables 9.9 through
9.14. First, we see that we obtain better estimates of the parameter values (as given by
the posterior means, medians and modes) as we increase r and ny. Second, we see that
the posterior approximations for 6;;; are better representations than they are for o;;/. In
particular, there appears to be a lack of convergence whenever ny < 6 control objects
for each of n < 10 random sources (although the convergence does seem to improve as
we move from considering 7 = 5 random sources from the population to considering
r = 10 random sources from the population). Finally, we note that the posterior samples
obtained when r = 5 are not stable since the resulting chains do not converge towards
a single distribution. Instead, they appear to explore a mixture of distributions. We see
this same peculiarity when » = 10 random sources from the population and ny = 4
or ng = b control objects per source, and when r = 15 random sources from the

population and ny = 4 control objects per source (note, though, that the phenomenon
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becomes less extreme as we move to consider 7 = 10 or r = 15 random sources from
the population). However, when r = 10 or » = 15, we see that the chains and resulting
posterior samples begin to stabilize. This indicates that, given the current status of the
sampler, an examiner should consider no less than » = 10 random sources from the
population alongside at least ny = 6 control objects per source. Note that there exist
several methods for stabilizing the resulting chains. For example, considering a more

informative prior can help to stabilize chains in this type of scenario [44].

9.5 ASSESSING NORMALITY ASSUMPTIONS

The score model presented in (9.1) relies on the assumption that the vector of
scores s is normally distributed. This assumption can be met by defining an appropriate
kernel, or by increasing the intrinsic dimension of the original objects [5, 53] . In this
section, we present the results of some simulations that demonstrate that the assump-
tion of Multivariate Normality is reasonable, so long as the dimension of the objects
in the original space is sufficiently large. In these simulations, we sample 2500 sets of
functional objects described by p B-spline basis functions, p € {5,50,500}. In these
simulations, we sample the coefficients of the basis functions from a Dirichlet distri-
bution. This distribution is chosen to demonstrate that the distribution of the original
objects does not impact the convergence of the scores to a Multivariate Normal distribu-
tion. This process is outlined in Algorithm 7. After sampling sets of objects, the scores
are calculated using the exponential of a squared Euclidean kernel. Given these 2500
sets of N = ((Hl)goJr”“)—dimensional scores, we are able to compute the associated
empirical covariance matrix, and project the scores into their eigenspace.

We proceed by considering the within-source comparisons separate of the between-
source comparisons. In the case of the within-source comparisons, we ensure that the
objects sampled in each iteration are from the same source by first sampling a single p-
dimensional flat Dirichlet object, o, using A = {1, }. We then sample N objects from
a p-dimensional Dirichlet distribution whose parameter is ¢, multiplied by ¢ = 1000 to

ensure that the three objects are very similar, and thus have originated from the same
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Algorithm 7: Generating scores for sets of objects

Data: A kernel function, «; a set of p basis functions, {3;(¢t)}._;, over
some interval; [a, b], a multivariate distribution function, F' and
associated sets of parameters, A, 2

Result: An matrix of scores, where each row corresponds to an

N = ((T+1)g°+"“)—dimensional vector of scores given the
simulated data

for n iterations do

1. Sample a mean vector, @ ~ F(A), a € RP, where A is the set of

parameters for F’;

2. Sample a matrix, B, of coefficients such that each row vector,

b, ~ F(Q),i€{1,2,3}, ce R, a C Q, represents the coefficients of a
single object;

3. Calculate the function values x;; = 7 b;;8;(t), Vi € {1,..., N},

vt € [a,bl;

4. Calculate the vector of scores, s;

end

source. In this case, where we sample our coefficients from a Dirichlet distribution, the
parameter 2 = {1000 }. In the case where we consider that all objects originate from
different sources, we proceed using the same steps as in the within-source scenario de-
scribed above. However, rather than multiply the parameter o by ¢ = 1000, we simply
use the vector a (¢ = 1) as our parameter for the second sample from a p-dimensional
Dirichlet distribution, such that Q = {«a}. Keeping the parameters “small” allows for
enough variation in the sampled objects such that they originate from different sources.
Upon obtaining the functional objects, we proceed as in the above algorithm.

Figures 9.13 and 9.14 demonstrate that, as the dimension of the objects in-
creases, we see a tendency of the distributions of the resulting scores to become spheri-
cal or ellipsoidal, which gives us an idea of whether or not the vector of scores follows
a Multivariate Normal distribution. In either scenario, when we consider the first three
eigen-dimensions, we see that the clouds of points begin to appear spherical or ellip-
soidal when p = 50. In addition, we note that the projections of the within-source

scores are more spherical in appearance than those of the between-source scores.
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Within-source scores (B-spline coefficients sampled from Dirichlet distribution)
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Figure 9.13: Projection of N-dimensional vectors of scores obtained from 2500 sets of
within-source objects in the space defined by their respective spectra decompositions of
their covariance matrices. Objects correspond to spectra obtained from linear combi-
nations of B-spline bases whose coefficients were sampled from Dirichlet distributions.

Between-source scores (B-spline coefficients sampled from Dirichlet distribution)
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Figure 9.14: Projection of N-dimensional vectors of scores obtained from 2500 sets of
between-source objects in the space defined by their respective spectra decompositions
of their covariance matrices. Objects correspond to spectra obtained from linear combi-
nations of B-spline bases whose coefficients were sampled from Dirichlet distributions.
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Chapter 10

IMPLEMENTING THE POPULATION-BASED MODEL

SELECTION ALGORITHM

In this chapter, we apply the proposed model to a set of Fourier-Transform In-
frared (FTIR) spectra of paint chips from cans of common household paint. The paint
chips considered in this example come from 166 different paint cans. For each paint
source, we observe seven replicates, each of which corresponds to a new, distinct ob-
servation, and is not a repeated measurement of a single paint chip. That is, the seven
replicates correspond to seven exchangeable FTIR spectra. Each spectra represents
the absorbance of the paint material for a range of wavelengths (from approximately
550 cm~! to approximately 4,000cm~!), and is captured by an approximately 7,000-
dimensional vector!.

Since we observe only seven spectra per source, we treat the spectra as func-
tional data and express each as a linear combination of 300 B-spline bases for the pur-
pose of this experiment. We assume that the vectors of basis coefficients are 7.7.d.
Multivariate Normal, and we use the sample mean and covariance matrix of the coef-
ficients for the seven spectra as point estimates for the parameters of their distribution.
This strategy is fit-for-purpose in the context of this example, and allows us to “re-
sample” new spectra from a considered source to study the performance of our model.
Figure 10.1 presents seven observed spectra overlaid with seven simulated spectra from

the same can of paint, and indicates that this approach is reasonable.

!The set of FTIR spectra proves to be more felicitous dataset for the considered model, given
the greater number of sources that constitute the population of potential sources. Given that
the MNIST handwritten digit data considers only 10 potential sources, it is not an appropriate
dataset for considering the performance of the considered population-based model.
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Overlayed Spectra

Abs

Figure 10.1: Seven observed replicates of FTIR spectra (solid dark blue lines) overlaid
with seven generated replicates of pseudo-spectra (dashed light gray lines) from paint
can #5 (out of 166 paint cans)

Evaluating the performance of the model in this scenario requires defining a
kernel function for comparing two FTIR spectra. The kernel function used in this ex-
periment measures the dissimilarity between two spectra x;; and x; ; by considering
their cross-correlation over a range of lags, 7 = —k, ..., k, and the Euclidean norm of

their difference. Specifically, we define our kernel as

F (@i, i) = log [C (|lw o @y — w o @yy]) ([[Lopsall = [lr-[D]. - (10.1)

There are three components to the kernel defined in (10.1): we define the constant, C,
to help satisfy the normality assumption for the resulting vector of scores; we consider
the Euclidean norm of the difference between the vectors w o x;; and w o z; 7, where w
is a vector of binary weights that indicates which positions of the spectra are considered
in the calculation, and o is the Schur product; we convert the (2k + 1)-dimensional
vector of cross-correlations between spectra w o x;; and w o T j into a distance metric
by considering the displacement of its norm from the norm of the (2% + 1)-dimensional
one vector. Considering w o x;;, rather than x;;, allows us to employ a filtering process
such that only the interesting areas of x;; are considered in the comparison process.
That is, uninformative (i.e., flat) areas that exist between pairs of spectra are filtered out
so as to better discriminate between pairs of spectra (see Figure 10.3 for an example of
the results of the filtering process). Finally, the function satisfies Mercer’s conditions,

and so is a valid kernel function with an inner-product representation in some separable



156

high-dimensional feature space.
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Figure 10.2: Original and projected distributions of scores obtained from comparing
FTIR spectra of paint. Top Row: 3-dimensional vectors of scores obtained from 332
triplets of objects originating from the same source in the original space. Bottom Row:
Projection of 3-dimensional vectors of scores obtained from 332 triplets of objects origi-
nating from the same source in the space defined by the spectral decomposition of their
covariance matrix.

Figure 10.2 (top row) portrays the marginal distributions of the scores in their
original space. By expressing the original vectors of scores as a function of the space
defined by the eigenvectors of their sample covariance matrix, we can observe the
marginal distributions of the score vectors along orthogonal axes, and better determine
if the marginal distributions follow a Normal distribution. Figure 10.2 (bottom row)
shows that, although the data is approximately spherical in the first two dimensions
of the eigenspace, there is a rather significant departure from normality when eigen-
dimensions 2 and 3 are plotted against one another. However, given the results pre-
sented below, we purport that this deviation from multivariate normality does not affect
the ability of the model to correctly classify and differentiate spectra, and thus testifies
to the robustness of the model: despite the lack of normality, the model remains able
to correctly associate and differentiate spectra originating from the same and different

sources, respectively.
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Filtered Spectra (Downsampled to 1000 points; Union of points above some threshold)

Absorbabce
S

Mo

8o

Wave Number

Figure 10.3: Spectra from paint can #19 (light blue) overlaid with spectra from paint
can #34 (dark blue). Paint can #34 is the most similar to paint can #19 out of the 166
potential cans of paint, as determined by the kernel function defined in (10.1). Regions
in light grey correspond to the areas that are considered to be uninformative in the
discrimination process, and so these time stamps are not considered in calculating the
score returned by the kernel function. By considering only the areas in blue, we can
better discriminate between the two sources.

To assess the performance of the model in the forensic context, we again con-
sider a series of simulations in which we consider a putative source alongside » = 10
random sources from the population of potential sources. We consider ny = 6 control
objects per source, and n,, = 3 trace objects. We consider this combination of 7 and n
since this is when we begin to see some stability of the distributions resulting from our
sampling process (see Figures 9.9 and 9.10 above).

To determine if the rarity of the putative source affects the sensitivity of the
model, we consider three instances in which the putative source has a low random
match probability, indicating that the source has characteristics which make it rare in
the population (we consider that paint cans #37, #77, and #160 are rare) and three
instances in which the putative source has a high random match probability, indicating
that the source has characteristics that are unremarkable in the population (we consider
that paint cans #18, #47, and #85 are unremarkable). The rarity of the sources was
determined by considering the random match probability associated with each of the
166 potential sources that make up the population. Figure 4 in [7] is reproduced as
Figure 10.4 below, and characterizes the distributions of the random match probabilities
associated with each of the 166 paint cans that make up the population of potential

sources 2. See details of full experiment in [7]).

2Note that Ausdemore et al. use N to describe the number of control objects, while this
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We consider 250 iterations of the experiment when H,, is true (that is, the puta-

tive source is the true source of the set of trace objects), and when H, is true (that is,

dissertation uses ng to describe the number of control objects.
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some other random source from the population of potential sources is the true source
of the set of trace objects). For this set of experiments, when we consider that H, is
true, we consider two scenarios: we consider a set of simulations in which the set of
trace objects truly originates from can #9, since this paint can is considered to be rare
in the population of 166 paint cans, and we consider a set of simulations in which the
set of trace objects truly originates from can #41, since this paint can is considered to
be unremarkable in the population of 166 paint cans. We choose to consider a rare
source as the true source under H,, since it more likely to be poorly described when
r = 10 random sources are used to describe the population of potential sources, and
we choose to consider an unremarkable source as the true source under 4, since this
source should be well described when » = 10 random sources are used to describe the

population of potential sources.

Proposed Model

Paint Can #18 | Random Source | Total

True Source Paint Can #18 250 0 250
Paint Can #9 3 247 250

Total 253 247 500

Table 10.1: Confusion matrix for classification of FTIR spectra when r = 10 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#18. We consider 250 sets of n, = 3 trace objects that truly originate from paint can
#18 and 250 sets of n,, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.

Proposed Model

Paint Can #18 | Random Source | Total

True Source Paint Can #18 250 0 250
Paint Can #41 14 236 250

Total 264 236 500

Table 10.2: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#18. We consider 250 sets of n, = 3 trace objects that truly originate from paint can
#18 and 250 sets of n, = 3 trace objects that truly originate from an unremarkable
source (paint can #41) in the population.



True Source

Proposed Model

Paint Can #37

Random Source

Paint Can #37 250 0
Paint Can #9 2 248
Total 252 248
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Total
250
250
500

Table 10.3: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#37. We consider 250 sets of n,, = 3 trace objects that truly originate from paint can
#37 and 250 sets of n, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.

Proposed Model

Paint Can #37 | Random Source | Total

True Source Paint Can #37 250 0 250
Paint Can #41 10 240 250

Total 260 240 500

Table 10.4: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#37. We consider 250 sets of n,, = 3 trace objects that truly originate from paint can
#37 and 250 sets of n, = 3 trace objects that truly originate from an unremarkable
source (paint can #41) in the population.

Proposed Model

Paint Can #47 | Random Source | Total

True Source Paint Can #47 250 0 250
Paint Can #9 4 246 250

Total 254 246 500

Table 10.5: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n, trace objects truly originate from paint can
#47. We consider 250 sets of n, = 3 trace objects that truly originate from paint can
#47 and 250 sets of n, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.



True Source

Proposed Model

Paint Can #47 | Random Source
Paint Can #47 250 0
Paint Can #41 11 239
Total 261 239
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Total
250
250
500

Table 10.6: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#47. We consider 250 sets of n,, = 3 trace objects that truly originate from paint can
#47 and 250 sets of n, = 3 trace objects that truly originate from an unremarkable
source (paint can #41) in the population.

Proposed Model

Paint Can #77 | Random Source | Total

True Source Paint Can #77 250 0 250
Paint Can #9 11 239 250

Total 261 239 500

Table 10.7: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#77. We consider 250 sets of n,, = 3 trace objects that truly originate from paint can
#77 and 250 sets of n, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.

Proposed Model

Paint Can #77 | Random Source | Total

True Source Paint Can #77 250 0 250
Paint Can #41 9 241 250

Total 259 241 500

Table 10.8: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n, trace objects truly originate from paint can
#77. We consider 250 sets of n, = 3 trace objects that truly originate from paint can
#77 and 250 sets of n, = 3 trace objects that truly originate from an unremarkable
source (paint can #41) in the population.
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Proposed Model

Paint Can #85 | Random Source
Paint Can #85 250 0
Paint Can #9 10 240
Total 260 240
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Total
250
250
500

Table 10.9: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#85. We consider 250 sets of n,, = 3 trace objects that truly originate from paint can
#85 and 250 sets of n, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.

Proposed Model

Paint Can #85 | Random Source | Total

True Source Paint Can #85 250 0 250
Paint Can #41 9 241 250

Total 259 241 500

Table 10.10: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#85. We consider 250 sets of n,, = 3 trace objects that truly originate from paint can
#85 and 250 sets of n,, = 3 trace objects that truly originate from an unremarkable
source (paint can #41) in the population.

Proposed Model

Paint Can #160 | Random Source | Total

True Source Paint Can #160 250 0 250
Paint Can #9 12 238 250

Total 262 238 500

Table 10.11: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n, trace objects truly originate from paint can
#160. We consider 250 sets of n, = 3 trace objects that truly originate from paint can
#160 and 250 sets of n,, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.
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Proposed Model

Paint Can #160 | Random Source | Total

True Source Paint Can #160 250 0 250
Paint Can #41 9 241 250

Total 259 241 500

Table 10.12: Confusion matrix for classification of FTIR spectra when » = 10 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#160. We consider 250 sets of n, = 3 trace objects that truly originate from paint can
#160 and 250 sets of n, = 3 trace objects that truly originate from an unremarkable
source (paint can #41) in the population.

Tables 10.1 through 10.12 summarize the results of our experiment for the given
kernel function defined in (10.1). These results indicate that, overall, the model is better
at distinguishing between the putative source and the population of potential sources
when the putative source is the true source of the trace objects. In addition, we note that
we have a higher misclassification rate, in general, when the putative source is rare in the
population of potential sources. Finally, we note that we have a similar performance,
regardless if the true source of the set of trace objects is a rare random source from
the population of potential sources, or if it is an unremarkable random source from
the population of potential sources. Overall, the results of Tables 10.1 through 10.12
indicate that, for the given kernel, the model performs quite well, despite the apparent
departure from normality, indicated in Figure 10.2.

Finally, we perform a test where we consider 7 = 5 random sources from the
population of potential sources alongside ny = 6 control objects per source to determine
the ultimate performance of the model given unstable samples of the parameters (see
Figure 9.8 in Section 9.4). For this experiment, we consider that, when H, is true, the
source of the set of trace objects is a rare source from the population of potential sources
(paint can #9). Tables 10.13 through 10.18 below indicate that, even when the Gibbs
sampler does not necessarily return stable samples of the parameters, the performance

of the model is not affected. This issue is addressed in Chapter 11.
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Paint Can #18 | Random Source | Total

Paint Can #160 250 0 250
Paint Can #9 6 244 250
Total 256 244 500

Table 10.13: Confusion matrix for classification of FTIR spectra when r = 5 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#18. We consider 250 sets of n,, = 3 trace objects that truly originate from paint can
#18 and 250 sets of n, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.

Proposed Model

Paint Can #37 | Random Source | Total

True Source Paint Can #37 250 0 250
Paint Can #9 4 246 250

Total 254 246 500

Table 10.14: Confusion matrix for classification of FTIR spectra when r = 5 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#37. We consider 250 sets of n,, = 3 trace objects that truly originate from paint can
#37 and 250 sets of n,, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.

Proposed Model

Paint Can #47 | Random Source | Total

True Source Paint Can #47 250 0 250
Paint Can #9 2 248 250

Total 252 248 500

Table 10.15: Confusion matrix for classification of FTIR spectra when r = 5 and ng = 6
under the null hypothesis that the set of n, trace objects truly originate from paint can
#47. We consider 250 sets of n, = 3 trace objects that truly originate from paint can
#47 and 250 sets of n, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.
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Proposed Model

Paint Can #77 | Random Source
Paint Can #77 250 0
Paint Can #9 2 248
Total 252 248
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Total
250
250
500

Table 10.16: Confusion matrix for classification of FTIR spectra when r = 5 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#77. We consider 250 sets of n,, = 3 trace objects that truly originate from paint can
#77 and 250 sets of n, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.

Proposed Model

Paint Can #85 | Random Source | Total

True Source Paint Can #85 250 0 250
Paint Can #9 4 246 250

Total 254 246 500

Table 10.17: Confusion matrix for classification of FTIR spectra when r = 5 and ng = 6
under the null hypothesis that the set of n,, trace objects truly originate from paint can
#85. We consider 250 sets of n,, = 3 trace objects that truly originate from paint can
#85 and 250 sets of n,, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.

Proposed Model

Paint Can #160 | Random Source | Total

True Source Paint Can #160 250 0 250
Paint Can #9 6 244 250

Total 256 244 500

Table 10.18: Confusion matrix for classification of FTIR spectra when r = 5 and ng = 6
under the null hypothesis that the set of n, trace objects truly originate from paint can
#160. We consider 250 sets of n, = 3 trace objects that truly originate from paint can
#160 and 250 sets of n,, = 3 trace objects that truly originate from a rare source (paint
can #9) in the population.
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Chapter 11

EVALUATING THE POPULATION-BASED MODEL SELECTION

ALGORITHM

In this part, we considered the development for a population-based model se-
lection algorithm that allows for making inference on the source of a set of test objects.
In this scenario, the test objects may have originated from a considered putative source,
or from some other random source in a population of potential sources. This method is
novel in that it allows for classifying the complete set of n,, trace objects at once, rather
than classifying each object in turn. This method relies on a kernel function, which
allows for considering virtually any set of high-dimensional, complex, heterogeneous
data as a single vector of real-valued scores between observations by merely modifying
the kernel to accommodate the considered data. In addition, our method is particularly
well-suited for scenarios in which a limited number of observations are available for
consideration, as is oftentimes the case in forensic scenarios.

To evaluate the model under various conditions, we conducted a series of sim-
ulations, described in Chapters 9 and 10 above. These simulations indicated that the
sampler used to study the model parameters (in particular, the variance terms) has the
best performance when at least 7 = 10 random sources consisting of at least ny = 6
control objects are used to describe the population of potential sources. When the model
was applied to a real forensic dataset, we saw that the algorithm had an average correct
classification rate of 98.60%, and that the algorithm was particularly apt at correctly
classifying the trace objects when they truly originated from the considered putative

source.
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This being said, the current Gibbs sampler appears to be dependent on the
Metropolis-Hastings step for the set of variance terms, 2, 07,02, 02, and o2 defined
in 9.8. A study of the Gibbs sampler indicates that this Metropolis-Hastings step is the
most delicate part of the model. That is, if the Metropolis-Hastings step starts at a ran-
dom point in which one of the positions of the 5-dimensional parameter vector is too
small, the sampler gets “stuck”, and the entire sampler is offset.

This issue was first noticed in the original development of the Gibbs sampler and
Metropolis-Hastings step. Initial attempts to correct this issue consisted of modifying
the distribution from which the random starting point was sampled, and also included
adjusting the proposal distribution from which the next point in the Metropolis-Hastings
step is sampled. While these adjustments did bolster the performance of the model and
the stability of the resulting distributions of the posterior samples, there still appear to
be instances (albeit rare instances) in which the sampler gets stuck. Future work would
focus on stabilizing this step to readily ensure that values of the variance terms do not
get too small.

That being said, these issues do not appear to affect the model in terms of dis-
tinguishing between H,, and H,4. That is, the discrepancy in the sampler is consistent
between the numerator and the denominator of the Bayes factor in 9.32, and so one
model is not “favored” over the other as a result of the discrepancy, and the model is
still able to accurately determine whether or not the trace objects came from the putative
source or from another random source in the population of potential sources.

In addition, as in the previous two models described in Parts II and III, the
computational cost increases as ng, and n, increases, and increases drastically as r
increases.

Finally, we note that the model is robust to both departures from multivariate
normality and instabilities in the posterior samples obtained during the sampling pro-
cess. That is, should the vector of scores violate the assumption of multivariate normal-
ity or should the Gibbs sampler return an unstable chain, the overall performance of the

model is not affected. The model is still able to accurately distinguish between #,, and
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‘Ha, as can be seen in Chapter 10.
Overall, the performance of this model indicates that the model works well for
determining whether or not a set of trace objects originates from a given putative source,

or from a random source in the population of potential sources.
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APPENDICES

A CALCULATIONS FOR S§S57; BRACKETED TERMS
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The following two identities are used to move through the final two equalities:

/ .
1. ﬁP{lsn = (Eﬁl), . ,EﬁnO)) , where §§11J),j € {1,...,no} is the mean value

of scores that compare object j in source 1 to any other object in source 1;
2. 1 1n01 Ny, S11 = 811, Where 8y is the ng-dimensional vector of 5y;.

Together, these imply that
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To reach the final equality, we make use of the two identities expressed in Appendix A.
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C CALCULATIONS FOR SS:2 BRACKETED TERMS
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To reach the final equality, we make use of the two identities expressed in Appendix A.

D GENERALIZATION OF DEVELOPMENT FOR WITHIN-SOURCE SUMS OF
SQUARES

D.1 FULL DEVELOPMENT OF (6.18), (9.18) AND (9.22)
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GENERALIZATION OF DEVELOPMENT FOR BETWEEN-SOURCE SUMS

FULL DEVELOPMENT OF (6.20), (9.20), AND (9.24)
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E.2 FULL DEVELOPMENT OF (6.21), (9.21), AND (9.26)
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F GENERALIZATION OF ASSIGNING DISTRIBUTIONS TO PARAMETERS

F.1 POSTERIOR DISTRIBUTION FOR o2 FOR THE TWO- AND MULTI-CLASS
MODELS

We begin by defining M .S, as a function of all available information pertaining

to o in Tables 6.5 through 6.6:
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For ease of notation, we define

1—0o2 o
Clzno(io—e>+o'§ CQ:(no—Q)(l2e

such that

Cl C3 n SSW.. CQan tx (SSW /) Cl Cg (SSE ) >l (SSE )
MS. = ——= i
Clc?’i:l( C2 ) 02031'2:122 G Ca ; ;7,’222
C1Cs (S, SSw) + Ca0s (S S0, 5Sw,,,) +CiCa (S, S8k, + S0 S, S55,,)
C1C2C3

~ 2 .
Xap=("30) = (3)—n
We obtain the posterior distribution of o2, (02| M S.) by considering the above
distribution of M S,, f(MS.|o?), in conjunction with a Beta prior on 2, with hyper-

parameters a., 5., such that

n(oe|MSe) o f(MS.|o)m(o7)

= XQ(MSE|03)B(U§|046; Be)-

F.2 POSTERIOR DISTRIBUTION FOR 6;; FOR THE TWO- AND
MULTI-CLASS MODELS

We obtain the posterior distribution of 0, 7(0;|8:i1, 0411, 02, 02), for i = i’ and
i # 1, by considering a Multivariate Normal likelihood for our vector of scores, s;;/,
and a Normal prior on 6;;;, with hyper-parameters ¢;;/, w;. We define 6;; and A;; as

the parameters associated with s;;;, P,y and I;; as design matrices corresponding to
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these source comparisons, and N;; as the cardinality of s;,. We begin by defining

7 (0sir|siir 00,020) o f (Siv|8iir, Oiir, 0o 02, Giiry wisr) T (Bsir | Diar , wiar )
= MVN (sii|biir, 015005, 02, diir s wiir ) N (B | hiir s wiar)

ii!

— (2m)

/2 2 -3
Ay (Pii'Pii’Ua + Iii’ae> Aii" 2

e {_; (o0 - ekkllN""")/ (A (P Plyog + Livo?) Ay - (siir — eii’lNii’)}
L 1 N2
Xmexp{_%w (0“/ ¢“) }.

From this point on, we define ¥, := P,y P},,02 + I, for ease of notation, and so

1 /1 1 2
o  exp {** (sir — 0N, ) By (sir — eii’lev/)} x expq —5—— (Oiir — biir)
2 v v 2w’£i’
1 /1 1 9
= expq—3 (sir —Oir1n,, ) B5 (sir — Osirdn,, ) + —— (B — i)
Wi/
1 -1 -1 -1 -1
= exp { — 5 |:S;i/ Zii’ Siil — S;i/zii/ 01'2'/ 1N“-/ — 9“/19\/“/2”/ Siit + 9“’/ 13\]”, Zii’ 0“'/ ]-N”/
1 5 2 1
+—0i — — 0 iir + 7@11’} }
Wi/ Wi Wi
1 / 1 1 2 / —1 1
= expy—5 || ilN,, B N, + 05 | —2(0uwlN, 208+ ——0idir | +C
2 Wi/ Wi

1 _
= exp {—5 [9,»2,, (1’1\,“/ 21N, +

1 _ 1
) — 20“'/ <19\/“/ 2,”-/181‘1'/ + 7@17“/) + C:| } .
Wi’ Wiq’

At this point, we define

1 1 -1
2 _ / —1 —1

2 1 O-ii; - ( Ny Eii' 1N7:7:/ + Wi )

Wi

)
(1/]\7“, 2;/1 ].N“, ) Wi’ —+ 1
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and
Hiir 1 1
P / —1 / —1 2
5= =1 2 S + ——Qir = i, = N, 2 S + —— G | o5
T Wi ? " Wi »
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]. Wiat
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= ( Nor Biir Siit T —— i | X ;
_
" (1§Vii/2ii/ ]'Nn‘/) wiir 41
/ -1 1
1N”, X s + Wi Piir

-1
1?\77.7‘/22’1" ]-N“/Wii’ +1

Wig

1

In,, 3,0 Suwii + Qi
)

1?\/7.7‘/21’1" 1N“/Wii’ +1

And so 7 (01|84, 02, 0%) ~ N (iig, 0 ) with f1;; and o2 " defined as above.

F3 POSTERIOR DISTRIBUTION FOR o7, FOR THE TWO- AND
MULTI-CLASS MODELS

We obtain the posterior distribution of 02, m(02, |8, 0,02, 02), by consid-

i’

ering a Multivariate Normal likelihood for our vector of scores, s;, and an Inverse-

Gamma prior on o2,, with hyper-parameters a;, ;. As in Appendix F.2, the subscript

i’

i7" indicates the type of relationship we are considering between our scores. We begin

by defining

2 2 2 2 2 2 2
m(ojir|8iir, 0iirs 0as0e) o< f(8iir|oiir, s O, 0€ s viir, Biir )T (05 |eviir, Biir)
2
= MVN(SM’ |Uu’79u :O'a’ 0, ity Bigr )IQ(U“/ |an , Biir )

_N _1
= (271’) 2 |Aii’ <Pzz’-P11’0a + I z’ae) Akk"

1 ’
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o) 7" Pl a2

@’
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2 -1
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G GENERALIZATION OF ASSIGNING DISTRIBUTIONS TO PARAMETERS

FOR THE POPULATION-BASED MODEL

G.1 POSTERIOR DISTRIBUTION FOR 6, FOR THE POPULATION-BASED

MODEL

We obtain the posterior distribution of 0y, 7(0;i|84ir, 050, 02) for i’ € {kk, kp,

pp, pp'} by considering a Multivariate Normal likelihood for our vector of scores, s;;,

and a Normal prior on 6;;, with hyper-parameters ¢;;/,w;;. We define 6, and A

as the parameters associated with s;;/, Py, Q;ir, Ry, T;yv, and I as design matrices

corresponding to these source comparisons, and /N;;s as the cardinality of s;;;. We begin

by defining

2
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From this point on, we define ¥, := P, P/, 07 21 Qi Q..o —i—Ru/R ep —i—T“/T ,ad+

I;,02 for ease of notation, and so
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And so 7 (041|843, 02, 0%) ~ N (iig, 0 ) with y;;; and o2 deﬁned as above.

G.2 POSTERIOR DISTRIBUTION FOR o2, FOR THE POPULATION-BASED
MODEL:

We obtain the posterior distribution of o2, m(02 |8, 0, 0%), by consider-
ing a Multivariate Normal likelihood for our vector of scores, s;7, and an Inverse-

Gamma prior on o2,, with hyper-parameters a;, ;. As in Appendix F.2, the subscript

i’

[—



181

ii" € {kk, kp, pp, pp’} indicates the type of relationship we are considering between our

scores. We begin by defining

7"(01'27;45“':9“'70'2)
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